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TWO MULTIOBJECTIVE PROBLEMS FOR STOCHASTIC
DEGENERATE PARABOLIC EQUATIONS\ast 

YONGYI YU\dagger AND JI-FENG ZHANG\ddagger 

Abstract. This paper is devoted to studying two multiobjective problems for stochastic degen-
erate parabolic equations. The first one is a hierarchical control problem, in which the controls are
classified into a pair of leaders and a pair of followers. For each pair of leaders, a Nash equilibrium
is searched for a noncooperative game problem. The aim of the pair of leaders is to achieve null
controllability of the system. The other multiobjective problem is an inverse initial problem under
a Nash equilibrium strategy. In contrast to the classical inverse initial problem, an optimization
problem for stochastic degenerate parabolic equations is first investigated. Then, the conditional
stability of determining initial information is derived through terminal observation.

Key words. stochastic degenerate parabolic equation, null controllability, optimization problem,
conditional stability, Carleman estimate
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1. Introduction. In most classical control problems, a system usually has only
one objective or task. For example, the aim is to find a control to attain a given
target or to determine unknown information of the system by local observation. How-
ever, in practice, an interesting situation will arise when several different (even con-
tradictory) objectives are studied simultaneously, such as economic, transportation,
and engineering systems [9, 26, 33]. A variety of control strategies appear, based on
the characteristics of multiobjective control problems in economics and game theory
[25, 27, 29]. A related question is whether one can direct the system to a desired state
by exerting controls corresponding to the strategies.

In the multiobjective case, the system may involve multiple active actors, whose
behaviors are motivated by self-interest. The individual rationality may result in
strategic behaviors to pursue their own interests. Sometimes, individual behavior has
a leader-follower relationship, and the corresponding strategy was introduced in the
work of Stackelberg [29] to describe this situation. The general idea of this strategy is
a hierarchical game where players compete with each other. The leaders take action
first, and the followers make the corresponding response to the action of the leaders.
There may be many followers, each of them with a specific objective. And, the
followers tend to achieve a Nash equilibrium. A Nash equilibrium is a combination
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TWO MULTIOBJECTIVE PROBLEMS 2709

of strategies in which no player can benefit from changing strategies alone. In other
words, when the others do not change their strategies, no one can get more benefit
by only changing his own strategy, and then the combination of strategies is a Nash
equilibrium.

As a typical class of diffusion equations, degenerate parabolic equations can de-
scribe many different physical phenomena, such as Budyko--Sellers equations that
model the interaction between large ice masses and solar radiation [6]. Stimulated
by the need to take into account random effects in practical problems, stochastic
processes naturally replace deterministic functions in a mathematical way, and the
associated model becomes a stochastic degenerate parabolic equation. This paper is
devoted to investigating the controllability and inverse problem for a class of stochastic
degenerate parabolic equations under a Nash equilibrium strategy.

Let T > 0, and let G0, G1, and G2 be nonempty open subsets of (0,1). Set
Q = (0,1) \times (0, T ), and set a(x) = x\alpha for \alpha \in [0,2) and x \in [0,1]. Denote by \chi G0

the characteristic function of the set G0. Let (\Omega ,\scrF ,\{ \scrF t\} t\geq 0,\BbbP ) be a complete filtered
probability space, on which a one-dimensional standard Brownian motion \{ W (t)\} t\geq 0

is defined, so that \BbbF = \{ \scrF t\} t\geq 0 is the natural filtration generated by W (\cdot ), augmented
by all \BbbP -null sets in \scrF . Let \scrH be a Banach space and C([0, T ];\scrH ) be the Banach space
of all \scrH -valued strongly continuous abstract functions defined on [0, T ]. We denote
by L2

\BbbF (0, T ;\scrH ) the Banach space consisting of all \scrH -valued \{ \scrF t\} t\geq 0-adapted processes
X(\cdot ) such that \BbbE (| X(\cdot )| 2L2(0,T ;\scrH ))<\infty with the canonical norm, L\infty 

\BbbF (0, T ;\scrH ) denotes
the Banach space consisting of all \scrH -valued \{ \scrF t\} t\geq 0-adapted essentially bounded
processes, and L2

\BbbF (\Omega ;C([0, T ];\scrH )) denotes the Banach space consisting of all \scrH -valued
\{ \scrF t\} t\geq 0-adapted continuous processes X(\cdot ) such that \BbbE (| X(\cdot )| 2C([0,T ];\scrH ))<\infty .

Consider the following one-dimensional stochastic degenerate parabolic equation:\left\{                       

dy - 
\bigl( 
x\alpha yx

\bigr) 
x
dt= (a1y+ u1\chi G0

+ v1\chi G1
+ v2\chi G2

)dt

+(a2y+ u2)dW (t) in Q,\Biggl\{ 
y(0, t) = 0 if 0\leq \alpha < 1,\bigl( 
x\alpha yx

\bigr) 
(0, t) = 0 if 1\leq \alpha < 2

on (0, T ),

y(1, t) = 0 on (0, T ),

y(x,0) = y0(x) in (0,1),

(1.1)

where yx denotes the weak derivative with respect to the spatial variable x, (u1, u2)
is the pair of leaders, (v1, v2) is the pair of followers, y0 = y0(x) denotes the initial
data, and y= y(\cdot , \cdot ;u1, u2, v1, v2) is the state variable.

First, we study a controllability problem in the sense of the Stackelberg--Nash
strategy for (1.1). In fact, this type of controllability means that for each pair of
leaders, a Nash equilibrium pair needs to be found, and the goal of the pair of leaders
is to achieve controllability. The decisions of the followers are influenced by the
decisions of the leaders.

The controllability problems in the sense of the Stackelberg--Nash strategy come
from practice. For example, in order to remedy market failure and promote cooper-
ation, the government can regulate macroeconomics through legislation and policies.
Using the tools and methods of game theory, we can model the macroeconomic system
as a noncooperative dynamic game involving the government, multiple enterprises,
and the market. The government can influence the dynamics of the system by for-
mulating certain policies. Enterprises and the market groups can pursue their own
interests based on these policies. If we take policy as a regulator of a higher level,
then it can reach some satisfactory macroeconomic states by adjusting the Nash equi-
librium formed by enterprises and the market.
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2710 YONGYI YU AND JI-FENG ZHANG

When the model is described by a distributed parameter system, we refer to
[1, 2, 3, 8, 11, 15, 16, 28] for some known works on Stackelberg--Nash type control-
lability problems. In the stochastic case, there have been rich works on the leader-
follower hierarchical control problems on Stackelberg games ([24, 31, 34, 37] and
references therein).

In [37], the authors focused on stochastic differential equations. They formu-
lated controllability problem of stochastic game-based control systems in the general
stochastic nonlinear framework and obtained some explicit necessary and sufficient
algebraic conditions on the controllability of the Nash equilibrium for linear stochas-
tic systems. In this paper, we focus on stochastic degenerate parabolic equations.
We will first present the existence and uniqueness of the Nash equilibrium for any
given pair of leaders (see Theorem 3.1), and then prove the null controllability in the
sense of the Stackelberg--Nash strategy for (1.1) (see Theorem 2.1), by constructing
an appropriate observability estimate (see Theorem 3.2).

The other multiobjective problem is an inverse problem for the stochastic de-
generate parabolic system (1.1) under a Nash equilibrium strategy. This type of
inverse problem has many practical applications. For example, if y represents the
concentration of chemicals, we want to keep the concentration and the rate of change
in concentration close to their desired values by adding water to or evaporating it
from the chemical, and at the same time, the initial concentration is expected to be
determined by the observation at the terminal time.

There have been numerous results on inverse problems for deterministic and sto-
chastic partial differential equations ([13, 20, 21, 32, 36] and the references therein).
Different from the classical inverse problems, the inverse problem studied in this pa-
per is a combination of the classical one and game theory. The goal of controls is
on the Nash equilibrium. Meanwhile, we want to determine the initial value from
the known observation information. For this purpose, an interpolation inequality is
proved to determine initial value through the observation at the terminal time (see
Theorem 2.6).

In order to deal with the inverse problem, we establish quantitative uniqueness es-
timates for the coupled stochastic forward-backward equations. However, the classical
inverse problems only study the forward equations. In this paper, the key to solv-
ing the inverse problem is the Carleman estimates for stochastic degenerate parabolic
equations. By choosing a space-independent weight function, the desired Carleman es-
timates can be established by a weighted identity method (see Theorems 4.1 and 4.2)
and a duality technique (see Theorem 4.3), respectively.

The main contributions of this paper are as follows:
\bullet Compared with [37], we study the Stackelberg--Nash type controllability prob-

lem for the stochastic degenerate parabolic equation by the classical duality argument.
The key is to transform the origin hierarchical control problem into the observabil-
ity estimate of the coupled forward-backward stochastic partial differential equations.
Compared with existing results, the followers in this paper achieve more goals, and
the observation domains of the followers are less restricted. The energy functionals for
followers can be more general and contain the gradient of the state. Since drift terms
in the coupled equations belong to a Sobolev space of negative order, the problem is
much more complicated.

\bullet The inverse problem for a stochastic degenerate parabolic equation under a
Nash equilibrium strategy is transformed into an inverse problem for the coupled
forward-backward stochastic partial differential equations. Due to the appearance
of coupling terms and the limitations of observation information, we establish new
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TWO MULTIOBJECTIVE PROBLEMS 2711

Carleman estimates to overcome the difficulties. And, a quantitative estimate of the
initial value is obtained by the Carleman estimates.

The rest of this paper is organized as follows. Section 2 presents the main concepts
and results of this paper. Section 3 is devoted to characterizing the Nash equilibrium
and proving the Stackelberg--Nash type controllability result. The result of conditional
stability under a Nash equilibrium strategy is proved in section 4. Finally, section 5
summarizes the whole paper.

2. Problem formulation. In this section, we give some preliminary and the
main results. First, some notations are introduced. For 0\leq \alpha < 1, define the Hilbert
space H1

\alpha (0,1) as follows:

H1
\alpha (0,1) =

\Bigl\{ 
y \in L2(0,1)

\bigm| \bigm| \bigm| y is absolutely continuous in [0,1],

x
\alpha 
2 yx \in L2(0,1) and y(0) = y(1) = 0

\Bigr\} 
.

For 1\leq \alpha < 2, H1
\alpha (0,1) is defined as follows:

H1
\alpha (0,1) =

\Bigl\{ 
y \in L2(0,1)

\bigm| \bigm| \bigm| y is locally absolutely continuous in (0,1],

x
\alpha 
2 yx \in L2(0,1) and y(1) = 0

\Bigr\} 
.

By [6, 14], for any initial data y0 \in L2(0,1), a1, a2 \in L\infty 
\BbbF (0, T ;L\infty (0,1)), (u1, u2)\in 

U1 \triangleq L2
\BbbF (0, T ;L

2(G0)) \times L2
\BbbF (0, T ;L

2(0,1)), and (v1, v2) \in U2 \triangleq L2
\BbbF (0, T ;L

2(G1)) \times 
L2
\BbbF (0, T ;L

2(G2)), (1.1) admits a unique solution y \in \scrH \triangleq L2
\BbbF (\Omega ;C([0, T ];L

2(0,1))) \cap 
L2
\BbbF (0, T ;H

1
\alpha (0,1)).

Let us describe the controllability problem in the sense of the Stackelberg--Nash
strategy. For i = 1,2, let \scrO i, \widetilde \scrO i \subseteq (0,1) be the nonempty open sets, which represent
the observation domains. For any given pair of leaders (u1, u2) \in U1, define the
(secondary) cost functionals

Ji(v1, v2) =
\alpha i
2

\Biggl( 
\BbbE 
\int T

0

\int 
\scrO i

| y - y\ast i | 2dxdt+\BbbE 
\int T

0

\int 
\widetilde \scrO i

| x\alpha yx  - y\ast i+2| 2dxdt

\Biggr) 
+
\mu i
2
\BbbE 
\int T

0

\int 
Gi

v2i dxdt, i= 1,2,

where \alpha i and \mu i are positive constants, (y\ast i , y
\ast 
i+2) \in (L2

\BbbF (0, T ;L
2(0,1)))2 are given

functions, and y= y(\cdot , \cdot ;u1, u2, v1, v2) is the solution of (1.1) corresponding to the pair
of leaders (u1, u2) and the pair of followers (v1, v2).

For any given pair of leaders, we need to find a Nash equilibrium with a non-
cooperative optimization problem. In other words, the main objective of the pair of
followers is to derive the state y and its derivative x\alpha yx close to the desired states
(y\ast i , y

\ast 
i+2) in the corresponding observation domains, with the cost as little as possible

for the pair of followers.
Indeed, a pair of followers (v1, v2)\in U2 is called a Nash equilibrium pair if

J1(v1, v2)\leq J1(v1, v2) \forall v1 \in L2
\BbbF (0, T ;L

2(G1))

and J2(v1, v2)\leq J2(v1, v2) \forall v2 \in L2
\BbbF (0, T ;L

2(G2)).
(2.1)

This means a pair of followers is the Nash equilibrium pair if and only if the strategy
chosen by any player is optimal, when all other players' strategies are determined.
Then, define the main cost functional

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

08
/2

3/
23

 to
 1

24
.1

6.
14

8.
28

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



2712 YONGYI YU AND JI-FENG ZHANG

J(u1, u2) =
1

2
\BbbE 
\int 
Q

(u21\chi G0
+ u22)dxdt \forall (u1, u2)\in U1.

Let \frakF represent the set of the pair of leaders (u1, u2) \in U1 satisfying the following
condition:

y(\cdot , T ;u1, u2, v1, v2) = 0 in (0,1), \BbbP -a.s.(2.2)

The goal of the pair of leaders is to derive the solution of (1.1) to reach zero at time T
with the minimum cost. It means that there exists a pair of leaders (u1, u2) satisfying
that

J(u1, u2) = min
(u1,u2)\in \frakF 

J(u1, u2).(2.3)

We introduce the following assumption conditions on the coefficient a2 in this
paper:
(H1) a2 \in L\infty 

\BbbF (0, T ;W 1,\infty (0,1)),
(H2) a2 = x\^\alpha a3 with \^\alpha \geq 2 - \alpha 

2 and a3 \in L\infty 
\BbbF (0, T ;L\infty (0,1)).

In what follows, C denotes a positive constant which may be different from place
to place. The first main result is the Stackelberg--Nash controllability of (1.1).

Theorem 2.1. For i= 1,2, assume that \scrO i\cap G0 \not = \emptyset , (\scrO 1\cap G0)\nsubseteq \widetilde \scrO i, (\scrO 2\cap G0)\nsubseteq \widetilde \scrO i, \mu 1, \mu 2 > 0 are sufficiently large, and the condition (H1) or (H2) holds. Also,
suppose that Case 1 :\scrO 1 =\scrO 2, \widetilde \scrO 1 = \widetilde \scrO 2, or Case 2 :\scrO 1 \not =\scrO 2 holds, and let (y\ast i , y

\ast 
i+2)\in 

(L2
\BbbF (0, T ;L

2(0,1)))2 be equal to zero near T . Then, for any y0 \in L2(0,1), there exist
a pair of leaders (u1, u2)\in U1, and the associated Nash equilibrium (v1, v2)\in U2, such
that (2.2) and (2.3) hold.

By the classical duality argument [23], the null controllability in Theorem 2.1 can
be deduced to an appropriate observability estimate (see Theorem 3.2 below). From
the observability estimate, we can get the above controllability result immediately.
So, we omit the proof of Theorem 2.1 here.

Remark 2.2. The conditions for (y\ast i , y
\ast 
i+2) (i= 1,2) can be relaxed to

\BbbE 
\int 
Q

\widetilde \rho 2(t)\Bigl( | yi| 2\chi \scrO i
+ x\alpha | y\ast i+2| 2\chi \widetilde \scrO i

\Bigr) 
dxdt <+\infty ,

where

\widetilde \rho (t) = eC\ell (t) and \ell (t) =

\Biggl\{ 
44

T 8 for 0\leq t\leq T
2 ,

1
t4(T - t)4 for T

2 \leq t\leq T.
(2.4)

Remark 2.3. In this theorem, we get the same result in two cases. In Case 2, we
don't discuss the difference between \widetilde \scrO 1 and \widetilde \scrO 2. This is because conditions (\scrO 1\cap G0)\nsubseteq \widetilde \scrO i, (\scrO 2 \cap G0)\nsubseteq \widetilde \scrO i (i= 1,2) are true in the theorem.

Remark 2.4. In practice, there may be many followers in the system, but the ideas
of Stackelberg--Nash type controllability are the same, and the results can be obtained
similarly. For simplicity, we only consider two follower controls in this paper, and
the number of leader controls cannot be reduced. It is very interesting to study the
controllability of a stochastic partial differential equation with only one leader control.
Until now, a positive result has been available only for some special cases of stochastic
parabolic equation [19].
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TWO MULTIOBJECTIVE PROBLEMS 2713

Remark 2.5. Two follower controls in this paper are active on the drift term. The
same result remains true when they are imposed on the diffusion term, or both the
drift term and the diffusion term.

Next, an inverse problem under a Nash equilibrium strategy is studied. This type
of inverse problem is a combination of the classical one and game theory. We consider
(1.1) without leader controls, and the goal of (v1, v2) is to achieve a Nash equilibrium,
i.e., (2.1) holds. At the same time, we want to determine the initial value from the
observation information.

The second result is the following interpolation inequality for the weak solution
of (1.1) when the pair of leaders (u1, u2) = (0,0).

Theorem 2.6. Assume that (u1, u2) = (0,0) in (1.1), \mu 1, \mu 2 > 0 are sufficiently
large, M0 > 0, and the condition (H1) holds. For any y0 \in H1

\alpha (0,1), t0 \in (0, T ], there
exist positive constants \kappa \in (0,1) and C, only depending on \alpha , t0, and T , and a Nash
equilibrium (v1, v2)\in U2 such that the associated weak solution y to (1.1) satisfies

\BbbE 
\int 1

0

y2(x, t0)dx\leq C

\biggl( 
\BbbE 
\int 
Q

y2dxdt+M0

\biggr) \kappa \biggl( 
\BbbE 
\int 1

0

y2(x,T )dx+M

\biggr) 1 - \kappa 

,(2.5)

where M =\BbbE 
\int 
Q
(y\ast 21 \chi \scrO 1

+ y\ast 22 \chi \scrO 2
+ x2\alpha y\ast 23 \chi \widetilde \scrO 1

+ x2\alpha y\ast 24 \chi \widetilde \scrO 2
)dxdt.

The key for obtaining the above result is the Carleman estimate, and the proof
of the theorem is given in section 4. As a direct consequence of the above theorem,
one has the following backward uniqueness result for (1.1).

Corollary 2.7. Under the assumption of Theorem 2.6, if y(T ) = 0 in (0,1),
\BbbP -a.s., and the desired states y\ast i = 0 (i = 1,2,3,4) in Q, \BbbP -a.s., then there exists a
Nash equilibrium (v1, v2) \in U2 such that the associated solution y to (1.1) satisfies
y(t) = 0 in (0,1), \BbbP -a.s. for all t\in [0, T ].

As another direct consequence of Theorem 2.6, we get the following conditional
stability for (1.1).

Corollary 2.8. For any L> 0, set HL = \{ y0 \in H1
\alpha (0,1)

\bigm| \bigm| | y0| H1
\alpha (0,1) \leq L\} . Under

the assumption of Theorem 2.6, for any y0 \in HL, there exists a Nash equilibrium
(v1, v2)\in U2 such that the corresponding solution to (1.1) satisfies

\BbbE 
\int 1

0

y2(x, t0)dx\leq C(L,M0)

\biggl( 
\BbbE 
\int 1

0

y2(x,T )dx+M

\biggr) 1 - \kappa 

,

where M =\BbbE 
\int 
Q
(y\ast 21 \chi \scrO 1

+ y\ast 22 \chi \scrO 2
+x2\alpha y\ast 23 \chi \widetilde \scrO 1

+x2\alpha y\ast 24 \chi \widetilde \scrO 2
)dxdt. That is, under the

condition that the initial data y0 is in a bounded set, there exists a Nash equilibrium,
such that any state y(x, t) ((x, t)\in Q) can be determined quantitatively by the terminal
data y(T ) and the given states y\ast i (i= 1,2,3,4).

Remark 2.9. Different from Theorem 2.1, we do not need to discuss the different
case of \scrO i or \widetilde \scrO i in Theorem 2.6. This is due to the fact that the given states y\ast i
(i= 1,2,3,4) are observation information, and local information of the solution is not
required in the observation information.

3. Stackelberg--Nash controllability.

3.1. Nash equilibrium. In this subsection, we present the existence and unique-
ness of the Nash equilibrium for any given pair of leaders and give a characterization
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2714 YONGYI YU AND JI-FENG ZHANG

of it. For any given (u1, u2) \in U1, the pair (v1, v2) \in U2 is the Nash equilibrium with
respect to J1 and J2 if and only if

J \prime 
1(v1, v2)(v1,0) = 0 \forall v1 \in L2

\BbbF (0, T ;L
2(G1)),

and J \prime 
2(v1, v2)(0, v2) = 0 \forall v2 \in L2

\BbbF (0, T ;L
2(G2)),

(3.1)

where J \prime 
1, J

\prime 
2 denote the Fr\'echet operators of J1, J2, respectively. From the above

equivalence, the result of the Nash equilibrium is as follows.

Theorem 3.1. Assume that \mu 1, \mu 2 > 0 are sufficiently large, such that for any
given pair of leaders (u1, u2) \in U1, there exists a unique pair of Nash equilibrium
(v1, v2)\in U2 satisfying (3.1) and

vi = - 1

\mu i
pi\chi Gi

, i= 1,2, \BbbP -a.s.,(3.2)

where (y, pi, Pi) is the solution of the following coupled stochastic forward-backward
degenerate parabolic equations:

\left\{                                   

dy - 
\bigl( 
x\alpha yx

\bigr) 
x
dt=

\Bigl( 
a1y+ u1\chi G0

 - 1
\mu 1
p1\chi G1

 - 1
\mu 2
p2\chi G2

\Bigr) 
dt

+(a2y+ u2)dW (t) in Q,

 - dpi  - 
\bigl( 
x\alpha pi,x

\bigr) 
x
dt=

\bigl[ 
a1pi + a2Pi + \alpha i(y - y\ast i )\chi \scrO i

 - \alpha i(x2\alpha yx  - x\alpha y\ast i+2)x\chi \widetilde \scrO i

\bigr] 
dt+ PidW (t) in Q,\Biggl\{ 

y(0, t) = pi(0, t) = 0 if 0\leq \alpha < 1,\bigl( 
x\alpha yx

\bigr) 
(0, t) =

\bigl( 
x\alpha pi,x

\bigr) 
(0, t) = 0 if 1\leq \alpha < 2

on (0, T ),

y(1, t) = pi(1, t) = 0 on (0, T ),

y(x,0) = y0(x), pi(x,T ) = 0 in (0,1).

(3.3)

Proof. See Appendix A for the proof.

3.2. Controllability. From Theorem 3.1, for any pair of leaders (u1, u2) \in U1,
there exists a unique pair of followers is the Nash equilibrium pair. The solution of
(1.1) corresponding to the above pairs of leaders and followers satisfies (3.3). Thus,
the controllability problem in Theorem 2.1 can be transformed into finding controls
(u1, u2)\in U1 such that the corresponding solution (y, pi, Pi) to (3.3) satisfies

y(T ;u1, u2) = 0 in (0,1), \BbbP -a.s.,

with minimum cost. In other words, (u1, u2) \in \frakF minimizes the following cost func-
tional J , that is,

J(u1, u2) = min
(u1,u2)\in \frakF 

J(u1, u2),

where

\frakF = \{ (u1, u2)\in U1

\bigm| \bigm| y(\cdot , T ;u1, u2) = 0 in (0,1),\BbbP -a.s.,
y(\cdot , \cdot ;u1, u2) is the solution to (3.3)\} .
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TWO MULTIOBJECTIVE PROBLEMS 2715

In order to accomplish the above goal, we establish an observability inequality for
the following coupled forward-backward equations (i = 1,2), which are the adjoint
equations of (3.3):

\left\{                             

 - dz  - 
\bigl( 
x\alpha zx

\bigr) 
x
dt=

\bigl[ 
a1z + a2Z + \alpha 1q1\chi \scrO 1

+ \alpha 2q2\chi \scrO 2

 - \alpha 1

\bigl( 
x2\alpha q1,x

\bigr) 
x
\chi \widetilde \scrO 1

 - \alpha 2

\bigl( 
x2\alpha q2,x

\bigr) 
x
\chi \widetilde \scrO 2

\bigr] 
dt+ZdW (t) in Q,

dqi  - 
\bigl( 
x\alpha qi,x

\bigr) 
x
dt=

\bigl( 
a1qi  - 1

\mu i
z\chi Gi

\bigr) 
dt+ a2qidW (t) in Q,\Biggl\{ 

z(0, t) = qi(0, t) = 0 if 0\leq \alpha < 1,\bigl( 
x\alpha zx

\bigr) 
(0, t) =

\bigl( 
x\alpha qi,x

\bigr) 
(0, t) = 0 if 1\leq \alpha < 2

on (0, T ),

z(1, t) = qi(1, t) = 0 on (0, T ),

z(x,T ) = zT (x), qi(x,0) = 0 in (0,1).

(3.4)

Similar to the discussion in [23], by constructing appropriate variational problems, it
can be proved that the required pair of leaders exists if and only if the solution to
(3.4) satisfies the following observability estimate.

Theorem 3.2. For i = 1,2, under the condition of Theorem 2.1, there exist a
positive constant C, only depending on G0, Gi, \scrO i, \widetilde \scrO i, T , \alpha , \alpha i, and \mu i, and a weight
function \widetilde \rho 2 = \widetilde \rho 2(t) blowing up at t= T such that for any zT \in L2

\BbbF (\Omega ,\scrF T , P ;L2(0,1)),
the following inequality holds true for the solution (z,Z, qi) to (3.4):\int 1

0

z2(0)dx+

2\sum 
i=1

\BbbE 
\int 
Q

\widetilde \rho  - 2
\bigl( 
q2i + x\alpha q2i,x

\bigr) 
dxdt\leq C\BbbE 

\int 
Q

\bigl( 
z2\chi G0 +Z2

\bigr) 
dxdt.(3.5)

In order to prove Theorem 3.2, we need to establish some estimates for (3.4)
in Case 1 and Case 2, respectively. First, the known Carleman estimates [18] for
stochastic degenerate parabolic equations are given.

Consider the following one-dimensional forward stochastic degenerate parabolic
equation: \left\{                 

dy - 
\bigl( 
x\alpha yx

\bigr) 
x
dt= fdt+ gdW (t) in Q,\Biggl\{ 

y(0, t) = 0 if 0\leq \alpha < 1,\bigl( 
x\alpha yx

\bigr) 
(0, t) = 0 if 1\leq \alpha < 2

on (0, T ),

y(1, t) = 0 on (0, T ),

y(x,0) = y0(x) in (0,1),

(3.6)

where y0 \in L2(0,1), f \in L2
\BbbF (0, T ;L

2(0,1)), and g \in L2
\BbbF (0, T ;H

1
\alpha (0,1)).

Let d(\cdot ) \in C4([0,1]) be a function satisfying d(x) > 0 in (0,1), d(0) = d(1) = 0,
and dx(x) \not = 0 in [0,1]\setminus \omega , where \omega is a nonempty subset of (0,1). And, for \lambda , s > 0,
introduce the weight functions

\theta (x, t) = e - \lambda \sigma (x,t), \sigma (x, t) = \gamma (t)\phi (x), \gamma (t) =
1

t4(T  - t)4
,

\phi (x) = \xi (x)
2 - x2 - \alpha 

(2 - \alpha )2
+ [1 - \xi (x)]

\Bigl( 
e2s| d| C([0,1])  - esd(x)

\Bigr) 
,

(3.7)

where \xi \in C\infty ([0,1]) satisfying that 0\leq \xi \leq 1 in [0,1], \xi (x) = 1 in [0, x1], and \xi (x) = 0
in [x2,1], 0 < x1 < x2 < 1. Then, from the known Carleman estimate result (see
Corollary 2.1 in [18]) for the forward equation (3.6), we have the following lemma.
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2716 YONGYI YU AND JI-FENG ZHANG

Lemma 3.3 (see [18]). For any positive integer k, there exist two positive con-
stants sk and \lambda k, depending only on k, \alpha , G0, and T , such that for the s \geq sk and
\lambda \geq \lambda k, the solution y to (3.6) satisfies

\BbbE 
\int 
Q

\theta 2
\bigl( 
\lambda 3+k\gamma 3+kx2 - \alpha y2 + \lambda 1+k\gamma 1+kx\alpha y2x

\bigr) 
dxdt

\leq C(s)\BbbE 
\int 
Q

\lambda k\gamma k\theta 2
\Bigl( 
\lambda 3\gamma 3y2\chi G0 + f2 + \lambda 2\gamma 2x2 - \alpha g2 + \lambda \gamma 

5
4 g2 + x\alpha g2x

\Bigr) 
dxdt

for any y0 \in L2(0,1).

Consider the following backward stochastic degenerate parabolic equation:\left\{                 

dh+
\bigl( 
x\alpha hx

\bigr) 
x
dt= (f1 + f2,x)dt+HdW (t) in Q,\Biggl\{ 

h(0, t) = 0 if 0\leq \alpha < 1,\bigl( 
x\alpha hx

\bigr) 
(0, t) = 0 if 1\leq \alpha < 2

on (0, T ),

h(1, t) = 0 on (0, T ),

h(x,T ) = hT in (0,1),

(3.8)

where hT \in L2
\BbbF (\Omega ,\scrF T ,\BbbP ;L2(0,1)), f1, x

 - \alpha 
2 f2 \in L2

\BbbF (0, T ;L
2(0,1)).

By the classical well-posedness result for stochastic evolution equations [22], for
any hT \in L2

\BbbF (\Omega ,\scrF T ,\BbbP ;L2(0,1)), and f1, x
 - \alpha 

2 f2 \in L2
\BbbF (0, T ;L

2(0,1)), (3.8) admits a
unique solution (h,H)\in \scrH \times L2

\BbbF (0, T ;L
2(0,1)).

There also is the following lemma for the backward equation (3.8) from the known
result (see Theorem 1.3 in [18]).

Lemma 3.4 (see [18]). There exist two positive constants s4 and \lambda 4, depending
only on \alpha , G0, and T , such that for any s \geq s4 and \lambda \geq \lambda 4, the solution (h,H) to
(3.8) satisfies

\BbbE 
\int 
Q

\theta 2
\bigl( 
\lambda 3\gamma 3x2 - \alpha h2 + \lambda \gamma x\alpha h2x

\bigr) 
dxdt

\leq C(s)\BbbE 
\int 
Q

\theta 2
\bigl( 
\lambda 3\gamma 3h2\chi G0

+ f21 + \lambda 2\gamma 2x - \alpha f22 + \lambda 2\gamma 2H2
\bigr) 
dxdt

for any hT \in L2
\BbbF (\Omega ,\scrF T ,\BbbP ;L2(0,1)).

Now, we are in a position to give some estimates for the solution of (3.4) in Case 1
and Case 2, which are the key to proving Theorem 3.2.

Case 1: \scrO 1 = \scrO 2 and \widetilde \scrO 1 = \widetilde \scrO 2. In this case, we denote \scrO \triangleq \scrO 1 = \scrO 2 and\widetilde \scrO \triangleq \widetilde \scrO 1 = \widetilde \scrO 2. From the condition \scrO \cap G0 \not = \emptyset in Theorem 2.1, we know that there
exists a nonempty open subset \omega of (0,1) such that \omega \subset \subset \scrO \cap G0 and \omega \cap \widetilde \scrO = \emptyset .

Put \eta = \alpha 1q1 + \alpha 2q2. Then, (z,Z, \eta ) is the solution of the following coupled
equations:\left\{                 

 - dz - 
\bigl( 
x\alpha zx

\bigr) 
x
dt=

\bigl[ 
a1z+\eta \chi \scrO  - (x2\alpha \eta x)x\chi \widetilde \scrO +a2Z\bigr] dt+ZdW (t) in Q,

d\eta  - 
\bigl( 
x\alpha \eta x

\bigr) 
x
dt=

\bigl[ 
a1\eta  - 

\bigl( 
\alpha 1

\mu 1
\chi G1

+ \alpha 2

\mu 2
\chi G2

\bigr) 
z
\bigr] 
dt+a2\eta dW (t) in Q,\biggl\{ 

z(0, t) = \eta (0, t) = 0 if 0\leq \alpha < 1,\bigl( 
x\alpha zx

\bigr) 
(0, t) =

\bigl( 
x\alpha \eta x

\bigr) 
(0, t) = 0 if 1\leq \alpha < 2

on (0, T ),

z(1, t) = \eta (1, t) = 0 on (0, T ),

z(x,T ) = zT (x), \eta (x,0) = 0 in (0,1).

(3.9)

From Lemmas 3.3 and 3.4, we have the following result.
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TWO MULTIOBJECTIVE PROBLEMS 2717

Proposition 3.5. There exist two positive constants \lambda 5 and s5, depending only
on \alpha ,G0, T , such that for any \lambda \geq \lambda 5 and s\geq s5, the solution (z,Z, \eta ) to (3.9) satisfies

\BbbE 
\int 
Q

\theta 2
\bigl( 
\lambda 3\gamma 3x2 - \alpha z2 + \lambda 5\gamma 5x2 - \alpha \eta 2 + \lambda \gamma x\alpha z2x + \lambda 3\gamma 3x\alpha \eta 2x

\bigr) 
dxdt

\leq C\BbbE 
\int 
Q

\theta 2
\bigl( 
\lambda 9\gamma 9\chi \scrO \prime z2 + \lambda 2\gamma 2Z2

\bigr) 
dxdt.

(3.10)

Proof. See Appendix B for the proof.
Case 2: \scrO 1 \not =\scrO 2. In this case, we distinguish two cases for \scrO 1 and \scrO 2. On the

one hand, if \scrO 1 \cap \scrO 2 \cap G0 = \emptyset , then we can choose two nonempty open sets \omega 1 and
\omega 2 satisfying

\omega i \subset \subset (\scrO i \cap G0), \omega 1 \cap \omega 2 = \emptyset ,(3.11)

and

\omega 1 \cap (\scrO 2 \cap G0) = \emptyset , \omega 2 \cap (\scrO 1 \cap G0) = \emptyset .(3.12)

This implies that for i = 1,2, there exists a nonempty open subset \scrO \prime 
i of (\scrO i \cap G0)

such that \omega i \subset \scrO \prime 
i, \scrO \prime 

1 \cap \widetilde \scrO i = \emptyset , and \scrO \prime 
2 \cap \widetilde \scrO i = \emptyset . On the other hand, if (\scrO 1 \cap G0) \cap 

(\scrO 2 \cap G0) \not = \emptyset , then we can choose \omega 1 and \omega 2 satisfying (3.11), and

\omega 1 \cap (\scrO 2 \cap G0) = \emptyset , \omega 2 \subset (\scrO 1 \cap G0).(3.13)

This implies that there exist two nonempty open subsets \scrO \prime 
3 \subset ((\scrO 1 \cap G0) \setminus \scrO 2) and

\scrO \prime 
4 \subset (\scrO 1 \cap \scrO 2 \cap G0) such that \omega 1 \subset \scrO \prime 

3, \scrO \prime 
3 \cap \widetilde \scrO i = \emptyset , \omega 2 \subset \scrO \prime 

4, and \scrO \prime 
4 \cap \widetilde \scrO i = \emptyset .

Similar to Lemma 3.3, in order to apply Carleman estimates to the solution of
(3.4), we need to introduce some weight functions of the form like (3.7). To do so, for
i = 1,2, from the condition \scrO i \cap G0 \not = \emptyset in Theorem 2.1, we know that there exists
a nonempty open subset \widetilde G0 \subset \subset G0 such that \scrO i \cap \widetilde G0 \not = \emptyset . Let di(\cdot ) \in C4([0,1]) be
functions satisfying di(x) > 0 in (0,1), di(0) = di(1) = 0, di,x(x) \not = 0 in [0,1]\setminus \omega \prime 

i, and

d1 = d2 in [0,1]\setminus \widetilde G0, where \omega 
\prime 
i \subseteq \omega i. Then, analogously as in (3.7), we can define the

following weight functions:

\theta i = e - \lambda \gamma (t)\phi i(x), \phi i(x) = \xi (x)
2 - x2 - \alpha 

(2 - \alpha )2
+ [1 - \xi (x)]

\Bigl( 
e2s| di| C([0,1])  - esdi(x)

\Bigr) 
,

(3.14)

where \gamma and \xi as in (3.7).
Introduce the following notations:

\v \phi = min
x\in (0,1)

\{ \phi 1(x), \phi 2(x)\} , \v \sigma (t) = \gamma (t)\v \phi , \v \theta (t) = e - \lambda \v \sigma (t),

\^\phi = max
x\in (0,1)

\{ \phi 1(x), \phi 2(x)\} , \^\sigma (t) = \gamma (t)\^\phi , \^\theta (t) = e - \lambda \^\sigma (t).

Then, we have the following result.

Proposition 3.6. There exist two positive constants \lambda 6 and s6, depending only
on \alpha ,G0, T , such that for any \lambda \geq \lambda 6 and s \geq s6, the solution (z,Z, q1, q2) to (3.4)
satisfies

\BbbE 
\int 
Q

\^\theta 2
\bigl[ 
\lambda 2\gamma 3x2 - \alpha z2+\gamma z2+\lambda 4\gamma 4x2 - \alpha (q21+q

2
2)+\lambda 

2\gamma 2x\alpha (q21,x+q
2
2,x)
\bigr] 
dxdt

\leq C\BbbE 
\int 
Q

\v \theta 2(\lambda 8\gamma 8z2\chi G0 + \lambda \gamma 2Z2)dxdt.

(3.15)
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2718 YONGYI YU AND JI-FENG ZHANG

Proof. See Appendix C for the proof.

Remark 3.7. Because (x2\alpha \eta x)x\chi \widetilde \scrO in the drift term belongs to a Sobolev space
of negative order in the first equation of (3.9), we need to use the Carleman estimate
by a duality method (Lemma 3.4). The Carleman estimate derived by the weighted
identity method is not applicable here.

Remark 3.8. From the proofs of Propositions 3.5 and 3.6, we know that different
Carleman estimates lead to different conditions (H1) and (H2) on the coefficient a2,
respectively. These conditions mean that a2 needs to have a bounded weak derivative
or suitable singularity.

When dealing with a degenerate problem, a Hardy-type inequality is a very useful
tool that will play a crucial role in the proof of Theorem 3.2.

Lemma 3.9 (Hardy's equality [5]).
(i) Let 0\leq \alpha < 1. Then, for all locally absolutely continuous function y on (0,1)

satisfying

lim
x\rightarrow 0+

y(x) = 0 and

\int 1

0

x\alpha y2xdx<+\infty ,

the following inequality holds:\int 1

0

x\alpha  - 2y2dx\leq 4

(1 - \alpha )2

\int 1

0

x\alpha y2xdx.(3.16)

(ii) Let 1 < \alpha < 2. Then, the above inequality (3.16) still holds for all locally
absolutely continuous functions y on (0,1) satisfying

lim
x\rightarrow 1 - 

y(x) = 0 and

\int 1

0

x\alpha y2xdx<+\infty .

By Propositions 3.5--3.6 and Hardy's equality, we now give the proof of Theo-
rem 3.2.

Proof of Theorem 3.2. We only prove Theorem 3.2 in Case 2, and Case 1 can be
proved in a similar way. Let us introduce an auxiliary function \psi \in C1([0, T ]) with

\psi = 1 in
\bigl[ 
0, T2

\bigr] 
, \psi = 0 in

\bigl[ 
3T
4 , T

\bigr] 
, and | \psi t(t)| \leq C

T in
\bigl[ 
0, T

\bigr] 
,

and choose a function \ell = \ell (t) satisfying (2.4). Then, by the first equation of (3.4)
and d(\psi z2) =\psi tz

2dt+ 2\psi zdz +\psi (dz)2, it follows that\int 1

0

z2(0)dx+\BbbE 
\int T

2

0

\int 1

0

\bigl( 
x\alpha z2x +Z2

\bigr) 
dxdt

\leq C\BbbE 
\int 3T

4

0

\int 1

0

\bigl( 
x\alpha q21,x + x\alpha q22,x + q21 + q22

\bigr) 
dxdt+C\BbbE 

\int 3T
4

T
2

\int 1

0

z2dxdt.

By Lemma 3.9, it can be deduced that\int 1

0

z2(0)dx+\BbbE 
\int T

2

0

\int 1

0

\bigl( 
x2 - \alpha z2 + z2 + x\alpha z2x +Z2

\bigr) 
dxdt

\leq C\BbbE 
\int 3T

4

0

\int 1

0

\bigl( 
x\alpha q21,x + x\alpha q22,x + q21 + q22

\bigr) 
dxdt+C\BbbE 

\int 3T
4

T
2

\int 1

0

z2dxdt.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

08
/2

3/
23

 to
 1

24
.1

6.
14

8.
28

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



TWO MULTIOBJECTIVE PROBLEMS 2719

Analogously as in (3.7) and (3.14), define the weight functions \sigma \ast (t) = \ell (t)\^\phi , \theta \ast (t) =
e - \lambda \sigma 

\ast (t). Then, using the fact that \theta \ast and \ell are bounded in [0, T2 ], one can get that

\int 1

0

z2(0)dx+\BbbE 
\int T

2

0

\int 1

0

\theta \ast 2
\bigl( 
\lambda 2\ell 3x2 - \alpha z2 + \ell x\alpha z2x + \lambda \ell 2Z2

\bigr) 
dxdt

\leq C\BbbE 
\int 3T

4

0

\int 1

0

\bigl( 
x\alpha q21,x + x\alpha q22,x + q21 + q22

\bigr) 
dxdt+C\BbbE 

\int 3T
4

T
2

\int 1

0

z2dxdt.

(3.17)

By the second equation of (3.4) and It\^o's formula, one can obtain that

\BbbE 
\int T

2

0

\int 1

0

\bigl( 
x\alpha q2i,x + q2i

\bigr) 
dxdt\leq C

1

\mu 2
i

\BbbE 
\int T

2

0

\int 1

0

z2dxdt.

By Hardy's inequality, since \ell (t) = 44

T 8 and (\theta \ast ) - 1 = e\lambda \ell (t)
\^\phi \leq eC\lambda in [0, T2 ], it follows

that

\BbbE 
\int T

2

0

\int 1

0

\bigl( 
x\alpha q21,x + x\alpha q22,x + q21 + q22

\bigr) 
dxdt

\leq C(\lambda )

\biggl( 
1

\mu 2
1

+
1

\mu 2
2

\biggr) 
\BbbE 
\int 
Q

\theta \ast 2
\bigl( 
\lambda 2\ell 3x2 - \alpha z2 + \ell x\alpha z2x

\bigr) 
dxdt.

For sufficiently large \mu 1, \mu 2 > 0, the above inequality together with (3.17) implies that

\int 1

0

z2(0)dx+\BbbE 
\int T

2

0

\int 1

0

\theta \ast 2
\bigl( 
\lambda 2\ell 3x2 - \alpha z2 + \ell x\alpha z2x + \lambda \ell 2Z2

\bigr) 
dxdt

\leq C\BbbE 
\int 3T

4

T
2

\int 1

0

\bigl( 
x\alpha q21,x + x\alpha q22,x + q21 + q22

\bigr) 
dxdt+C\BbbE 

\int 3T
4

T
2

\int 1

0

z2dxdt.

(3.18)

Since \theta \ast (t) = \^\theta (t) in [T2 , T ] and \ell (t) = \gamma (t) in [T2 , T ], we can obtain that

\BbbE 
\int T

T
2

\int 1

0

\theta \ast 2
\bigl( 
\lambda 2\ell 3x2 - \alpha z2 + \lambda \ell 2Z2

\bigr) 
dxdt\leq C\BbbE 

\int 
Q

\^\theta 2
\bigl( 
\lambda 2\gamma 3x2 - \alpha z2 + \lambda \ell 2Z2

\bigr) 
dxdt.

Combining the above inequality with (3.15), (3.18), one can find that there is a \lambda 0 > 0
such that for all \lambda \geq \lambda 0, it holds that\int 1

0

z2(0)dx+\BbbE 
\int 
Q

\theta \ast 2
\bigl( 
\lambda 2\ell 3x2 - \alpha z2 + \lambda \ell 2Z2

\bigr) 
dxdt

\leq C\BbbE 
\int 3T

4

T
2

\int 1

0

\bigl( 
x\alpha q21,x + x\alpha q22,x + q21 + q22

\bigr) 
dxdt+C\BbbE 

\int 3T
4

T
2

\int 1

0

z2dxdt

+C\BbbE 
\int 
Q

\^\theta 2
\bigl( 
\lambda 2\gamma 3x2 - \alpha z2 + \lambda \gamma 2Z2

\bigr) 
dxdt

\leq C\BbbE 
\int 
Q

\v \theta 2
\bigl( 
\lambda 8\gamma 8\chi G0z

2 + \lambda \gamma 2Z2
\bigr) 
dxdt.

(3.19)

In what follows, fix \lambda = \lambda 0 in (3.19). Set \widetilde \rho (t) = e\lambda \sigma 
\ast (t). Then, \widetilde \rho = \widetilde \rho (t) is a positive

nondecreasing function in C1([0,1]) that blows up at t= T . By the second equation
of (3.4) and It\^o's formula, for i= 1,2 and t\in [0, T ],

d
\bigl( \widetilde \rho  - 2q2i

\bigr) 
 - \widetilde \rho  - 2(dqi)

2=2\widetilde \rho  - 2qi

\biggl[ \bigl( 
x\alpha qi,x

\bigr) 
x
+a1qi - 

z\chi Gi

\mu i

\biggr] 
dt+2\widetilde \rho  - 2a2q

2
i dW(t)+(\widetilde \rho  - 2)tq

2
i dt.
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2720 YONGYI YU AND JI-FENG ZHANG

Since qi(x,0) = 0 in [0,1] and (\widetilde \rho  - 2)t \leq 0 in [0, T ], we know that

\BbbE 
\int 1

0

\widetilde \rho  - 2(t)q2i (t)dx+\BbbE 
\int t

0

\int 1

0

x\alpha \widetilde \rho  - 2q2i,xdxds\leq C\BbbE 
\int t

0

\int 1

0

\widetilde \rho  - 2

\biggl( 
q2i +

z2

\mu 2
i

\chi Gi

\biggr) 
dxds.

From Gronwall's inequality and 0 /\in Gi(i= 1,2), it follows that

\BbbE 
\int 
Q

\widetilde \rho  - 2
\bigl( 
q2i + x\alpha q2i,x

\bigr) 
dxdt\leq C

\mu 2
i

\BbbE 
\int 
Q

\widetilde \rho  - 2z2\chi Gidxdt\leq C\BbbE 
\int 
Q

\widetilde \rho  - 2x2 - \alpha z2dxdt.

Noting that \widetilde \rho  - 2 = \theta \ast 2, by the above estimate and (3.19), one can get\int 1

0

z2(0)dx+

2\sum 
i=1

\BbbE 
\int 
Q

\widetilde \rho  - 2
\bigl( 
q2i + x\alpha q2i,x

\bigr) 
dxdt

\leq 
\int 1

0

z2(0)dx+C\BbbE 
\int 
Q

\theta \ast 2x2 - \alpha z2dxdt\leq C\BbbE 
\int 
Q

\v \theta 2
\bigl( 
\lambda 80\gamma 

8z2\chi G0
+ \lambda 0\gamma 

2Z2
\bigr) 
dxdt.

This gives the desired estimate (3.5).

4. Inverse problem. This section is devoted to studying the inverse problem
of (1.1) under a Nash equilibrium strategy. We consider the inverse problem for the
following stochastic degenerate parabolic equation:\left\{             

dy - 
\bigl( 
x\alpha yx

\bigr) 
x
dt= (a1y+ v1\chi G1

+ v2\chi G2
)dt+ a2ydW (t) in Q,\biggl\{ 

y(0, t) = 0 if 0\leq \alpha < 1,\bigl( 
x\alpha yx

\bigr) 
(0, t) = 0 if 1\leq \alpha < 2

on (0, T ),

y(1, t) = 0 on (0, T ),

y(x,0) = y0(x) in (0,1),

where y0 \in L2(0,1). From the conclusion in Theorem 3.1, the pair (v1, v2) is a Nash
equilibrium if and only if

vi = - 1

\mu i
pi\chi Gi , i= 1,2,

where (y, pi, Pi) is the solution of the coupled stochastic forward-backward equations,\left\{                     

dy - 
\bigl( 
x\alpha yx

\bigr) 
x
dt= (a1y - p1

\mu 1
\chi G1

 - p2
\mu 2
\chi G2

)dt+ a2ydW (t) in Q,

 - dpi  - 
\bigl( 
x\alpha pi,x

\bigr) 
x
dt=

\bigl[ 
a1pi + a2Pi + \alpha i(y - y\ast i )\chi \scrO i

 - \alpha i(x2\alpha yx  - x\alpha y\ast i+2)x\chi \widetilde \scrO i

\bigr] 
dt+ PidW (t) in Q,\biggl\{ 

y(0, t) = pi(0, t) = 0 if 0\leq \alpha < 1,\bigl( 
x\alpha yx

\bigr) 
(0, t) =

\bigl( 
x\alpha pi,x

\bigr) 
(0, t) = 0 if 1\leq \alpha < 2

on (0, T ),

y(1, t) = pi(1, t) = 0 on (0, T ),

y(x,0) = y0(x), pi(x,T ) = 0 in (0,1).

(4.1)

In this part, in order to study the inverse initial value problem, we get the interpo-
lation inequality (2.5) for the solution of (4.1) by some Carleman estimates. Carleman
estimates are a class of energy estimates with exponential weights, which can be used
to study the uniqueness, controllability, and inverse problem of the deterministic and
stochastic partial differential equations. We refer to [7, 10, 12, 17, 21, 30, 35] in this
respect.
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TWO MULTIOBJECTIVE PROBLEMS 2721

First, we establish the following global Carleman estimate for the forward sto-
chastic degenerate parabolic equation (3.6).

Theorem 4.1. There exist two positive constants \lambda 1 and s1 such that for all
\lambda \geq \lambda 1 and s\geq s1, the solution y to (3.6) satisfies

\BbbE 
\int 
Q

\widetilde \theta 2\bigl( s\lambda 2y2 + \lambda x\alpha y2x + s\lambda g2
\bigr) 
dxdt

\leq C

\biggl[ 
\BbbE 
\int 1

0

\Bigl( \widetilde \theta 2(T )s\lambda y2(T ) + \widetilde \theta 2(0)x\alpha y2x(0)\Bigr) dx+\BbbE 
\int 
Q

\widetilde \theta 2\bigl( f2 + x\alpha g2x
\bigr) 
dxdt

\biggr] 
,

(4.2)

where \widetilde \theta = es\varphi , \varphi = e\lambda 
\widetilde \psi , and \widetilde \psi (t) = t.

Proof. See Appendix D for the proof.
Next, we establish Carleman estimates for the backward stochastic degenerate

parabolic equation (3.8) by two different methods. Based on a weighted identity for
the backward stochastic degenerate parabolic operator, one has the following Carle-
man estimate with diffusion terms in L2(G)-space for (3.8).

Theorem 4.2. Assume that f2 = 0 and hT = 0. Then, there exist two positive
constants \lambda 2 and s2 such that for any \lambda \geq \lambda 2 and s\geq s2, the solution (h,H) to (3.8)
satisfies

\BbbE 
\int 
Q

\widetilde \theta 2\bigl( s\lambda 2h2 + \lambda x\alpha h2x + s\lambda H2 + x\alpha H2
x

\bigr) 
dxdt\leq C\BbbE 

\int 
Q

\widetilde \theta 2f21 dxdt.(4.3)

The proof of Theorem 4.2 is similar to that of Theorem 4.1 and thus is omitted
here. In fact, the proofs of both Theorems 4.1 and 4.2 are similar to that of Theorem
1.1 in [20].

By a duality technique and Theorem 4.2, another Carleman estimate for (3.8)
can be established with diffusion terms in a Sobolev space of negative order.

Theorem 4.3. Assume that hT = 0. Then, there exist two positive constants \lambda 3
and s3 such that for any \lambda \geq \lambda 3 and s\geq s3, the solution (h,H) to (3.8) satisfies

\BbbE 
\int 
Q

\widetilde \theta 2\bigl( s\lambda 2h2 + \lambda x\alpha h2x + s\lambda H2
\bigr) 
dxdt\leq C\BbbE 

\int 
Q

\widetilde \theta 2\bigl( f21 + s\lambda x\alpha f22
\bigr) 
dxdt.(4.4)

Proof. See Appendix E for the proof.

Remark 4.4. The Carleman estimate (4.4) is different from the result in [18].
On the one hand, the weight function \widetilde \theta is independent of the space variable, and
the terminal data is needed to be 0 in (3.8). On the other hand, there is no local
information about the solution and the diffusion term on the right-hand side of (4.4).

Now, by Carleman estimates (4.2) and (4.4), we are in position to prove Theo-
rem 2.6.

Proof of Theorem 2.6. Choose a cut-off function \varsigma \in C\infty ([0, T ]; [0,1]) such that
\varsigma (t) = 1 in [t1, T ], and \varsigma (t) = 0 in [0, t2], where 0 < t2 < t1 < t0. Set z = \varsigma y, ri = \varsigma pi,
and Ri = \varsigma Pi (i = 1,2). Then, by means of (y, pi, Pi) solving (4.1), we know that
(z, ri,Ri) is the solution of the following equations:
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2722 YONGYI YU AND JI-FENG ZHANG\left\{                             

dz  - 
\bigl( 
x\alpha zx

\bigr) 
x
dt= (a1z  - 1

\mu 1
r1\chi G1

 - 1
\mu 2
r2\chi G2

+ \varsigma ty)dt

+a2zdW (t) in Q,

 - dri  - 
\bigl( 
x\alpha ri,x

\bigr) 
x
dt=E1(ri,Ri, y)dt+RidW (t) in Q,\Biggl\{ 

z(0, t) = ri(0, t) = 0 if 0\leq \alpha < 1,\bigl( 
x\alpha zx

\bigr) 
(0, t) =

\bigl( 
x\alpha ri,x

\bigr) 
(0, t) = 0 if 1\leq \alpha < 2

on (0, T ),

z(1, t) = ri(1, t) = 0 on (0, T ),

z(x,0) = 0, ri(x,T ) = 0 in (0,1),

(4.5)

where E1(ri,Ri, pi, y) = a1ri+a2Ri+\varsigma tpi+\varsigma \alpha i(y - y\ast i )\chi \scrO i
 - \varsigma \alpha i(x2\alpha yx - x\alpha y\ast i+2)x\chi \widetilde \scrO i

.
Applying Theorem 4.1 to the first equation of (4.5) gives

\BbbE 
\int 
Q

\widetilde \theta 2\bigl( s\lambda 2z2 + \lambda x\alpha z2x
\bigr) 
dxdt

\leq C\BbbE 
\int 
Q

\widetilde \theta 2\bigl( z2+r21\chi G1
+r22\chi G2

+\varsigma 2t y
2+x\alpha z2x

\bigr) 
dxdt+C\BbbE 

\int 1

0

s\lambda \widetilde \theta 2(T )z2(T )dx.
(4.6)

Applying Theorem 4.3 to the second equation of (4.5), it holds that

\BbbE 
\int 
Q

\widetilde \theta 2\bigl[ s\lambda 2(r21 + r22) + \lambda x\alpha (r21,x + r22,x) + s\lambda (R2
1 +R2

2)
\bigr] 
dxdt

\leq C\BbbE 
\int 
Q

\widetilde \theta 2\bigl[ r21 + r22 +R2
1 +R2

2 + \varsigma 2t (p
2
1 + p22) + \varsigma 2

\bigl( 
y2 + y\ast 21 \chi \scrO 1

+ y\ast 22 \chi \scrO 2

\bigr) 
+s\lambda x\alpha \varsigma 2

\bigl( 
x4\alpha y2x + x2\alpha y\ast 23 \chi \widetilde \scrO 1

+ x2\alpha y\ast 24 \chi \widetilde \scrO 2

\bigr) \bigr] 
dxdt.

(4.7)

By the definitions of \varsigma and \widetilde \theta , one can see that

\BbbE 
\int 
Q

\widetilde \theta 2\varsigma 2t \bigl( s\lambda y2 + p21 + p22
\bigr) 
dxdt

\leq C\BbbE 
\int t1

t2

\int 1

0

\widetilde \theta 2\bigl( s\lambda y2 + p21 + p22
\bigr) 
dxdt\leq C\widetilde \theta 2(t1)\BbbE \int 

Q

\bigl( 
s\lambda y2 + p21 + p22

\bigr) 
dxdt.

This together with (4.6) and (4.7) implies that for a sufficiently large \lambda > 0,

\BbbE 
\int 
Q

\widetilde \theta 2\varsigma 2\bigl[ s\lambda 2(s\lambda y2 + p21 + p22) + \lambda x\alpha (s\lambda y2x + p21,x + p22,x) + s\lambda (P 2
1 + P 2

2 )
\bigr] 
dxdt

=\BbbE 
\int 
Q

\widetilde \theta 2\bigl[ s\lambda 2(s\lambda z2 + r21 + r22) + \lambda x\alpha (s\lambda z2x + r21,x + r22,x) + s\lambda (R2
1 +R2

2)
\bigr] 
dxdt

\leq C\widetilde \theta 2(t1)\BbbE \int 
Q

\bigl( 
s\lambda y2 + p21 + p22

\bigr) 
dxdt+C\widetilde \theta 2(T )\biggl( \BbbE \int 1

0

s2\lambda 2y2(T )dx+M

\biggr) 
,

where M = \BbbE 
\int 
Q
(y\ast 21 \chi \scrO 1

+ y\ast 22 \chi \scrO 2
+ x2\alpha y\ast 23 \chi \widetilde \scrO 1

+ x2\alpha y\ast 24 \chi \widetilde \scrO 2
)dxdt. From the above

inequality, one can see that

\BbbE 
\int T

t0

\int 1

0

\bigl[ 
s\lambda 2(s\lambda y2 + p21 + p22) + \lambda x\alpha (s\lambda y2x + p21,x + p22,x) + s\lambda (P 2

1 + P 2
2 )
\bigr] 
dxdt

\leq C\widetilde \theta  - 2(t0)\widetilde \theta 2(t1)\BbbE \int 
Q

\bigl( 
s\lambda y2+p21+p

2
2

\bigr) 
dxdt+C\widetilde \theta 2(T )\biggl( \BbbE \int 1

0

s2\lambda 2y2(T )dx+M

\biggr) 
.
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TWO MULTIOBJECTIVE PROBLEMS 2723

By means of d(y2) = 2ydy+ (dy)2 and the first equation of (4.1), we obtain

\BbbE 
\int 1

0

y2(t0)dx=\BbbE 
\int 1

0

y2(T )dx - \BbbE 
\int T

t0

\int 1

0

\bigl[ 
2ydy+ (dy)2

\bigr] 
dx

\leq \BbbE 
\int 1

0

y2(T )dx+C\BbbE 
\int T

t0

\int 1

0

\bigl( 
x\alpha y2x + y2 + p21\chi G1

+ p22\chi G2

\bigr) 
dxdt.

Then, for any s > 0, it holds that

\BbbE 
\int 1

0

y2(t0)dx\leq C
\widetilde \theta 2(t1)\widetilde \theta 2(t0)\BbbE 

\int 
Q

\bigl( 
s\lambda y2+p21+p

2
2

\bigr) 
dxdt+C\widetilde \theta 2(T )\biggl( \BbbE \int 1

0

s2\lambda 2y2(T )dx+M

\biggr) 
.

Now, fixing \lambda = \lambda 0, from the above inequality, we have

\BbbE 
\int 1

0

y2(t0)dx\leq C\BbbE 
\int 
Q

e2s(e
\lambda t1 - e\lambda t0 )

\bigl( 
y2+p21+p

2
2

\bigr) 
dxdt+Ce2se

\lambda T

\biggl( 
\BbbE 
\int 1

0

y2(T )dx+M

\biggr) 
.

Choosing an s > 1 as a minimizer of the right-hand side in the above inequality. Then,
we get

\BbbE 
\int 1

0

y2(t0)dx\leq C

\biggl[ 
\BbbE 
\int 
Q

\bigl( 
y2 + p21 + p22

\bigr) 
dxdt

\biggr] \kappa \biggl( 
\BbbE 
\int 1

0

y2(T )dx+M

\biggr) 1 - \kappa 

,

where \kappa = e\lambda T

e\lambda T+(e\lambda t1 - e\lambda t0 )
. This completes the proof of Theorem 2.6.

5. Summary. This paper considers controllability and the inverse initial prob-
lem for stochastic degenerate parabolic equations under a Nash equilibrium strategy,
which are combinations of game theory with controllability and the inverse problem,
respectively. The characterization of the Nash equilibrium is given, and the ori-
gin equation (1.1) can be transformed into the coupled stochastic forward-backward
equations (3.3). By Carleman estimates, the hierarchical controllability of the coupled
stochastic equations is proved, and the uniqueness of an inverse initial value problem
is obtained under the condition of terminal observation and the given goals.

It will be interesting to further consider the following problems:
(i) the optimal control problems with endpoint/state constraints for the Nash

equilibrium,
(ii) the Stackelberg--Nash type controllability problem for stochastic hyperbolic

equations,
(iii) the inverse source problem for stochastic partial differential equations under

a Nash equilibrium strategy.

Appendix A. Proof of Theorem 3.1. We use the Lax--Milgram theorem
[4] to prove the existence and uniqueness of a Nash equilibrium. For i = 1,2,
introduce the spaces \scrU i = L2

\BbbF (0, T ;L
2(Gi)),U2 = \scrU 1 \times \scrU 2. Define the operators

Ii,Li \in \scrL (\scrU i;L2
\BbbF (0, T ;L

2(0,1))) (i= 1,2) as

Livi = \widetilde yi and Iivi = x\alpha \widetilde yi,x,
where \widetilde yi is the solution of the following equation:\left\{                 

d\widetilde yi  - \bigl( x\alpha \widetilde yi,x\bigr) xdt= (a1\widetilde yi + vi\chi Gi
)dt+ a2\widetilde yidW (t) in Q,\Biggl\{ \widetilde yi(0, t) = 0 if 0\leq \alpha < 1,\bigl( 

x\alpha \widetilde yi,x\bigr) (0, t) = 0 if 1\leq \alpha < 2
on (0, T ),

\widetilde yi(1, t) = 0 on (0, T ),\widetilde yi(x,0) = 0 in (0,1).

(A.1)
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2724 YONGYI YU AND JI-FENG ZHANG

Then, the solution y to (1.1) can be written as y=L1v1 +L2v2 + \beta , where \beta solves\left\{                 

d\beta  - 
\bigl( 
x\alpha \beta x

\bigr) 
x
dt= (a1\beta + u1\chi G0)dt+ (a2\beta + u2)dW (t) in Q,\Biggl\{ 

\beta (0, t) = 0 if 0\leq \alpha < 1,\bigl( 
x\alpha \beta x

\bigr) 
(0, t) = 0 if 1\leq \alpha < 2

on (0, T ),

\beta (1, t) = 0 on (0, T ),

\beta (x,0) = y0(x) in (0,1).

By the definitions of J1 and J2, the pair (v1, v2) \in U2 is the Nash equilibrium if and
only if, for any vi \in \scrU i, i= 1,2,

\BbbE 
\int 
Q

\bigl[ 
\alpha i(y - y\ast i )\widetilde yi\chi \scrO i

+ \alpha i(x
\alpha yx  - y\ast i+2)x

\alpha \widetilde yi,x\chi \widetilde \scrO i
+ \mu ivivi\chi Gi

\bigr] 
dxdt= 0,(A.2)

that is,

\BbbE 
\int 
Q

\bigl\{ 
\alpha i
\bigl[ 
L1v1 +L2v2  - (y\ast i  - \beta )

\bigr] 
Livi\chi \scrO i

+ \alpha i
\bigl[ 
I1v1 + I2v2

 - (y\ast i+2  - x\alpha \beta x)
\bigr] 
Iivi\chi \widetilde \scrO i

\bigr\} 
dxdt+\BbbE 

\int T

0

\int 
Gi

\mu ivividxdt= 0.

Hence, for all vi \in \scrU i, i= 1,2,

\alpha i
\bigl( 
L\ast 
i ((L1v1 +L2v2  - (y\ast i  - \beta ))\chi \scrO i

), vi
\bigr) 

+\alpha i
\bigl( 
I\ast i ((I1v1 + I2v2  - (y\ast i+2  - x\alpha \beta x))\chi \widetilde \scrO i

), vi
\bigr) 
+ \mu i

\bigl( 
vi\chi Gi , vi

\bigr) 
= 0,

where L\ast 
i , I

\ast 
i \in \scrL (L2

\BbbF (0, T ;L
2(0,1));\scrU i) are the adjoint operators of Li, Ii, respectively.

This implies that (v1, v2) is a Nash equilibrium if and only if

\alpha iL
\ast 
i ((L1v1 +L2v2)\chi \scrO i

) + \alpha iI
\ast 
i ((I1v1 + I2v2)\chi \widetilde \scrO i

) + \mu ivi

= \alpha iL
\ast 
i ((y

\ast 
i  - \beta )\chi \scrO i) + \alpha iI

\ast 
i ((y

\ast 
i+2  - x\alpha \beta x)\chi \widetilde \scrO i

), i= 1,2.

Let us introduce the operator M \in \scrL (U2;U2), with

M(v1, v2) =
\bigl( 
\alpha 1L

\ast 
1((L1v1 +L2v2)\chi \scrO 1

) + \alpha 1I
\ast 
1 ((I1v1 + I2v2)\chi \widetilde \scrO 1

) + \mu 1v1,

\alpha 2L
\ast 
2((L1v1 +L2v2)\chi \scrO 2) + \alpha 2I

\ast 
2 ((I1v1 + I2v2)\chi \widetilde \scrO 2

) + \mu 2v2
\bigr) 
,

for all (v1, v2)\in U2, and define the functional b :U2 \times U2 \rightarrow \BbbR as

b
\bigl( 
(v1, v2), (\widetilde v1,\widetilde v2)\bigr) = \bigl( M(v1, v2), (\widetilde v1,\widetilde v2)\bigr) U2

\forall (v1, v2), (\widetilde v1,\widetilde v2)\in U2.

Then, one can see that b is bounded and coercive. Applying the Lax--Milgram theorem
[4], there is a unique solution (v1, v2)\in U2 satisfying the equationM(v1, v2) =\Psi , where

\Psi =
\bigl( 
\alpha 1L

\ast 
1((y

\ast 
1  - \beta )\chi \scrO 1

) + \alpha 1I
\ast 
1 ((y

\ast 
3  - x\alpha \beta x)\chi \widetilde \scrO 1

),

\alpha 2L
\ast 
2((y

\ast 
2  - \beta )\chi \scrO 2

) + \alpha 2I
\ast 
2 ((y

\ast 
4  - x\alpha \beta x)\chi \widetilde \scrO 2

)
\bigr) 
\in U2.

Next, we give a characterization of a Nash equilibrium. Introduce the following
backward stochastic degenerate parabolic equation which is the adjoint equation of
(A.1):
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TWO MULTIOBJECTIVE PROBLEMS 2725\left\{                       

 - dpi  - 
\bigl( 
x\alpha pi,x

\bigr) 
x
dt=

\bigl[ 
a1pi + a2Pi + \alpha i(y - y\ast i )\chi \scrO i

 - \alpha i(x2\alpha yx  - x\alpha y\ast i+2)x\chi \widetilde \scrO i

\bigr] 
dt+ PidW (t) in Q,\Biggl\{ 

pi(0, t) = 0 if 0\leq \alpha < 1,\bigl( 
x\alpha pi,x

\bigr) 
(0, t) = 0 if 1\leq \alpha < 2

on (0, T ),

pi(1, t) = 0 on (0, T ),

pi(x,T ) = 0 in (0,1).

(A.3)

From (A.1) and (A.3), we have

\alpha i\BbbE 
\int 
Q

\bigl[ 
(y - y\ast i )\widetilde yi\chi \scrO i + (x\alpha yx  - y\ast i+2)x

\alpha \widetilde yi,x\chi \widetilde \scrO i

\bigr] 
dxdt=\BbbE 

\int T

0

\int 
Gi

pividxdt.

Combining the above inequality with (A.2) gives

\BbbE 
\int T

0

\int 
Gi

\bigl( 
pi + \mu ivi

\bigr) 
vidxdt= 0 \forall vi \in \scrU i.

This implies the desired results (3.2) and (3.3).

Appendix B. Proof of Proposition 3.5. Applying Lemma 3.4 to the first
equation of (3.9) leads to

\BbbE 
\int 
Q

\theta 2(\lambda 3\gamma 3x2 - \alpha z2 + \lambda \gamma x\alpha z2x)dxdt

\leq C\BbbE 
\int 
Q

\theta 2
\bigl[ 
\lambda 3\gamma 3\chi \omega z

2+ z2+ \eta 2\chi \scrO + \lambda 2\gamma 2x - \alpha (x2\alpha \eta x\chi \widetilde \scrO )2+ \lambda 2\gamma 2Z2
\bigr] 
dxdt.

(B.1)

By Hardy's inequality, when \alpha \not = 1,

\BbbE 
\int 
Q

\theta 2z2dxdt\leq \BbbE 
\int 
Q

\theta 2x\alpha  - 2z2dxdt\leq C\BbbE 
\int 
Q

\theta 2(x\alpha z2x + \lambda 2\gamma 2x2 - \alpha z2)dxdt,(B.2)

and when \alpha = 1,

\BbbE 
\int 
Q

\theta 2z2dxdt\leq \BbbE 
\int 
Q

\theta 2x - 
1
3 z2dxdt\leq C\BbbE 

\int 
Q

x
5
3 (\theta z)2xdxdt

\leq C\BbbE 
\int 
Q

x\alpha (\theta z)2xdxdt\leq C\BbbE 
\int 
Q

\theta 2(x\alpha z2x + \lambda 2\gamma 2x2 - \alpha z2)dxdt.(B.3)

Combining (B.1)--(B.3) indicates that for a sufficiently large \lambda > 0,

\BbbE 
\int 
Q

\theta 2(\lambda 3\gamma 3x2 - \alpha z2 + \lambda \gamma x\alpha z2x)dxdt

\leq C\BbbE 
\int 
Q

\theta 2
\bigl( 
\lambda 3\gamma 3z2\chi \omega + \eta 2\chi \scrO + \lambda 2\gamma 2x3\alpha \eta 2x\chi \widetilde \scrO + \lambda 2\gamma 2Z2

\bigr) 
dxdt.

(B.4)

We can prove the inequality (3.10) under the condition (H2) by Lemma 3.4. With-
out loss of generality, we assume that (H1) holds. Applying Lemma 3.3 to the second
equation of (3.9), one can find that

\BbbE 
\int 
Q

\theta 2\lambda 3\gamma 3
\bigl( 
\lambda 2\gamma 2x2 - \alpha \eta 2 + x\alpha \eta 2x

\bigr) 
dxdt

\leq C\BbbE 
\int 
Q

\theta 2\lambda 2\gamma 2

\Biggl[ 
\lambda 3\gamma 3\eta 2\chi \omega +

\biggl( 
\alpha 1

\mu 1
\chi G1

+
\alpha 2

\mu 2
\chi G2

\biggr) 2

z2

\Biggr] 
dxdt.

(B.5)
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2726 YONGYI YU AND JI-FENG ZHANG

Because Gi(i = 1,2) are the control areas, we can assume that 0 /\in Gi(i = 1,2). By
(B.4), (B.5), and Hardy's inequality, it follows that for sufficiently large \lambda > 0,

\BbbE 
\int 
Q

\theta 2
\bigl( 
\lambda 3\gamma 3x2 - \alpha z2 + \lambda 5\gamma 5x2 - \alpha \eta 2 + \lambda \gamma x\alpha z2x + \lambda 3\gamma 3x\alpha \eta 2x

\bigr) 
dxdt

\leq C\BbbE 
\int 
Q

\theta 2
\bigl( 
\lambda 3\gamma 3z2\chi \omega + \lambda 5\gamma 5\eta 2\chi \omega + \lambda 2\gamma 2Z2

\bigr) 
dxdt.

(B.6)

In the following, we will give an estimate of \BbbE 
\int 
Q
\theta 2\lambda 5\gamma 5\chi \omega \eta 

2dxdt. To do so,
choose a function \zeta \in C\infty 

0 (\BbbR ) satisfying that 0\leq \zeta (x)\leq 1, supp\zeta \subseteq \scrO \prime , \zeta (x) = 1 in \omega ,
| \zeta x
\zeta 

1
2
| \leq C, | \zeta xx

\zeta 
1
2
| \leq C, where \scrO \prime is an open set satisfying \omega \subseteq \scrO \prime , \scrO \prime \subseteq \scrO \cap G0, and

\scrO \prime \cap \widetilde \scrO = \emptyset . Then, by It\^o's formula, we have

0 =\BbbE 
\int 
Q

d(\zeta \theta 2\lambda 5\gamma 5\eta z)dx

=\BbbE 
\int 
Q

\zeta \theta 2\lambda 5\gamma 5
\Bigl\{ 
\eta 
\Bigl[ 
 - (x\alpha zx)x - a1z - \eta \chi \scrO +

\bigl( 
x2\alpha \eta x

\bigr) 
x
\chi \widetilde \scrO  - a2Z

\Bigr] 
+a2\eta Z

+ z
\Bigl[ \bigl( 
x\alpha \eta x

\bigr) 
x
+ a1\eta  - 

\Bigl( \alpha 1

\mu 1
\chi G1+

\alpha 2

\mu 2
\chi G2

\Bigr) 
z
\Bigr] \Bigr\} 

dxdt+\BbbE 
\int 
Q

\bigl( 
\zeta \theta 2\lambda 5\gamma 5

\bigr) 
t
\eta zdxdt(B.7)

=\BbbE 
\int 
Q

\Bigl[ \bigl( 
\zeta \theta 2\lambda 5\gamma 5

\bigr) 
t
\eta z - 

\bigl( 
\zeta \theta 2\lambda 5\gamma 5

\bigr) 
xx
\eta x\alpha z - 

\bigl( 
\zeta \theta 2\lambda 5\gamma 5

\bigr) 
x

\bigl( 
2\eta xx

\alpha z+\eta (x\alpha )xz
\bigr) 

 - \zeta \theta 2\lambda 5\gamma 5\eta 2  - \zeta \theta 2\lambda 5\gamma 5
\biggl( 
\alpha 1

\mu 1
\chi G1

+
\alpha 2

\mu 2
\chi G2

\biggr) 
z2
\Bigr] 
dxdt.

Hence, by H\"older's inequality and Hardy's inequality, for any \epsilon > 0,

\BbbE 
\int 
Q

\zeta \theta 2\lambda 5\gamma 5
\Bigl[ 
\eta 2 +

\Bigl( \alpha 1

\mu 1
\chi G1 +

\alpha 2

\mu 2
\chi G2

\Bigr) 
z2
\Bigr] 
dxdt

= \BbbE 
\int 
Q

\Bigl[ \bigl( 
\zeta \theta 2\lambda 5\gamma 5

\bigr) 
t
\eta  - 

\bigl( 
\zeta \theta 2\lambda 5\gamma 5

\bigr) 
xx
\eta x\alpha  - 

\bigl( 
\zeta \theta 2\lambda 5\gamma 5

\bigr) 
x

\bigl( 
2\eta xx

\alpha + \eta (x\alpha )x
\bigr) \Bigr] 
zdxdt

\leq C\BbbE 
\int 
Q

\theta 2
\Bigl[ 
\zeta 
\bigl( 
\lambda 7\gamma 7| \eta x\alpha z| + \lambda 6\gamma 6| \eta x\alpha  - 1z| + \lambda 6\gamma 6| zx\alpha \eta x| + \lambda 6\gamma 7| \eta z| 

\bigr) 
+ | \zeta x| 

\bigl( 
\lambda 6\gamma 6| \eta x\alpha z| + \lambda 5\gamma 5| \eta x\alpha  - 1z| + \lambda 5\gamma 5| zx\alpha \eta x| 

\bigr) 
+ | \zeta xx| \lambda 5\gamma 5| \eta x\alpha z| 

\Bigr] 
dxdt

\leq C\BbbE 
\int 
Q

\theta 2

\Biggl[ 
\zeta 
\bigl( 
\epsilon \lambda 5\gamma 5\eta 2 +

1

\epsilon 
\lambda 9\gamma 9z2 + \epsilon \lambda 5\gamma 5x2 - \alpha \eta 2 + \epsilon \lambda 3\gamma 3x\alpha \eta 2x

\bigr) 
+ \epsilon 

\zeta 2x
\zeta 
\lambda 3\gamma 3x\alpha \eta 2 +

\zeta 2x
\epsilon \zeta 
\lambda 9\gamma 9z2 +

\zeta 2xx
\epsilon \zeta 
\lambda 9\gamma 9z2

\Biggr] 
dxdt.

Combining the above inequality with (B.6) gives the desired inequality.

Appendix C. Proof of Proposition 3.6. Choose a function \Lambda \in C4([0,1])
such that 0 \leq \Lambda (x) \leq 1 in (0,1), \Lambda (x) = 0 in \widetilde G0, and \Lambda (x) = 1 in (0,1) \setminus G0. Let\widetilde z =\Lambda z and \widetilde Z =\Lambda Z. Then, (\widetilde z, \widetilde Z) is the solution of the following equation:

 - d\widetilde z  - \bigl( x\alpha \widetilde zx\bigr) xdt= \bigl[ a1\widetilde z + \alpha 1q1\Lambda \chi \scrO 1 + \alpha 2q2\Lambda \chi \scrO 2  - 
\bigl( 
\alpha 1\Lambda x

2\alpha q1,x
\bigr) 
x
\chi \widetilde \scrO 1

+\alpha 1x
2\alpha \Lambda xq1,x\chi \widetilde \scrO 1

 - 
\bigl( 
\alpha 2\Lambda x

2\alpha q2,x
\bigr) 
x
\chi \widetilde \scrO 2

+ \alpha 2x
2\alpha \Lambda xq2,x\chi \widetilde \scrO 2

 - 2(x\alpha \Lambda xz)x + (x\alpha \Lambda x)xz + a2 \widetilde Z\bigr] dt+ \widetilde ZdW (t).

(C.1)
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TWO MULTIOBJECTIVE PROBLEMS 2727

Applying Lemma 3.4 to (C.1) with weight function \theta 1, it holds that

\BbbE 
\int 
Q

\theta 21
\bigl( 
\lambda 3\gamma 3x2 - \alpha \widetilde z2 + \lambda \gamma x\alpha \widetilde z2x\bigr) dxdt

\leq C\BbbE 
\int 
Q

\theta 21
\bigl[ 
\lambda 3\gamma 3\chi \omega 1\widetilde z2 + \widetilde z2 +\Lambda 2(q21 + q22 + \lambda 2\gamma 2x3\alpha (q21,x + q22,x))

+x4\alpha \Lambda 2
x(q

2
1,x + q22,x) + \lambda 2\gamma 2x\alpha \Lambda 2

xz
2 + (x\alpha \Lambda x)

2
xz

2 + \widetilde Z2 + \lambda 2\gamma 2 \widetilde Z2
\bigr] 
dxdt.

Similar to the proof of (B.2) and (B.3), by Hardy's inequality, we have that

\BbbE 
\int 
Q

\theta 21\gamma \widetilde z2dxdt\leq C\BbbE 
\int 
Q

\theta 21\gamma 
\bigl( 
\lambda 2\gamma 2x2 - \alpha \widetilde z2 + x\alpha \widetilde z2x\bigr) dxdt.

Then, for a sufficiently large \lambda > 0,

\BbbE 
\int 
Q

\theta 21
\bigl( 
\lambda 2\gamma 3x2 - \alpha \widetilde z2 + \gamma \widetilde z2\bigr) dxdt\leq C\BbbE 

\int 
Q

\theta 21
\bigl( 
\lambda 2\gamma 3x2 - \alpha \widetilde z2 + \gamma x\alpha \widetilde z2x\bigr) dxdt

\leq C\BbbE 
\int 
Q

\theta 21

\biggl[ 
\lambda 2\gamma 3\widetilde z2\chi \omega 1

+ (q21 + q22 + \lambda \gamma 2x3\alpha (q21,x + q22,x))\chi (0,1)\setminus \widetilde G0

+\lambda \gamma 2Z2\chi (0,1)\setminus \widetilde G0
+ \lambda \gamma 2x\alpha z2\chi G0\setminus \widetilde G0

\biggr] 
dxdt.

By the definition of \Lambda and \omega 1 \subseteq G0, one can see that

\BbbE 
\int 
Q

\theta 21(\lambda 
2\gamma 3x2 - \alpha z2 + \gamma z2)dxdt

\leq C\BbbE 
\int 
Q

\theta 21
\bigl[ 
\lambda 2\gamma 3z2x2 - \alpha \chi G0

+ \gamma z2\chi G0
+ \lambda 2\gamma 3z2\chi \omega 1

+ \lambda \gamma 2x\alpha z2\chi G0\setminus \widetilde G0

+(q21 + q22 + \lambda \gamma 2x3\alpha (q21,x + q22,x) + \lambda \gamma 2Z2)\chi (0,1)\setminus \widetilde G0

\bigr] 
dxdt

\leq C\BbbE 
\int 
Q

\theta 21
\bigl[ 
\lambda 2\gamma 3z2\chi G0+(q21+q

2
2+\lambda \gamma 

2x\alpha (q21,x+q
2
2,x))\chi (0,1)\setminus \widetilde G0

+\lambda \gamma 2Z2
\bigr] 
dxdt.

(C.2)

Here, we also assume that (H1) holds. If (3.11) and (3.12) hold, then for i= 1,2,
applying Lemma 3.3 to the second equation of (3.4) with weight function \theta i, one can
obtain that

\BbbE 
\int 
Q

\theta 2i \lambda 
2\gamma 2
\bigl( 
\lambda 2\gamma 2x2 - \alpha q2i + x\alpha q2i,x

\bigr) 
dxdt

\leq C\BbbE 
\int 
Q

\theta 2i \lambda \gamma 

\biggl( 
\lambda 3\gamma 3q2i \chi \omega i

+
1

\mu 2
i

z2\chi Gi+\lambda 
2\gamma 2x2 - \alpha q2i + \lambda \gamma 

5
4 q2i +x

\alpha q2i,x

\biggr) 
dxdt.

(C.3)

Choosing a sufficiently large \lambda > 0, \BbbE 
\int 
Q
\theta 2i (\lambda 

3\gamma 3x2 - \alpha q2i + \lambda \gamma x\alpha q2i,x)dxdt can be ab-
sorbed by the left-hand side of (C.3). In the following, we give an estimate on
\BbbE 
\int 
Q
\theta 2i \lambda 

2\gamma 
9
4 q2i dxdt. By H\"older's inequality, for any \epsilon > 0,

\BbbE 
\int 
Q

\theta 2i \lambda 
2\gamma 

9
4 q2i dxdt=\BbbE 

\int 
Q

(\theta 2i \lambda 
4
3 \gamma 

5
3x

\alpha  - 2
3 q2i )

3
4 (\theta 2i \lambda 

4\gamma 4x2 - \alpha q2i )
1
4 dxdt

\leq \epsilon \BbbE 
\int 
Q

\theta 2i \lambda 
4\gamma 4x2 - \alpha q2i dxdt+C\BbbE 

\int 
Q

\theta 2i \lambda 
4
3 \gamma 

5
3x

\alpha  - 2
3 q2i dxdt.

(C.4)
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2728 YONGYI YU AND JI-FENG ZHANG

Further, by Hardy's inequality, when \alpha \not = 1,

\BbbE 
\int 
Q

\theta 2i \lambda 
4
3 \gamma 

5
3x

\alpha  - 2
3 q2i dxdt\leq \BbbE 

\int 
Q

\theta 2i \lambda 
4
3 \gamma 

5
3x\alpha  - 2q2i dxdt

\leq C\BbbE 
\int 
Q

\lambda 
4
3 \gamma 

5
3x\alpha (\theta iqi)

2
xdxdt\leq C\BbbE 

\int 
Q

\Bigl( 
\lambda 

4
3 \gamma 

5
3x\alpha \theta 2i q

2
i,x + \lambda 

10
3 \gamma 

11
3 x\alpha \theta 2i q

2
i

\Bigr) 
dxdt,

and when \alpha = 1,

\BbbE 
\int 
Q

\theta 2i \lambda 
4
3 \gamma 

5
3x

\alpha  - 2
3 q2i dxdt=\BbbE 

\int 
Q

\theta 2i \lambda 
4
3 \gamma 

5
3x - 

1
3 q2i dxdt

\leq C\BbbE 
\int 
Q

\lambda 
4
3 \gamma 

5
3x

5
3 (\theta iqi)

2
xdxdt\leq C\BbbE 

\int 
Q

\lambda 
4
3 \gamma 

5
3x\alpha (\theta iqi)

2
xdxdt

\leq C\BbbE 
\int 
Q

\lambda 
4
3 \gamma 

5
3x\alpha \theta 2i q

2
i,xdxdt+C\BbbE 

\int 
Q

\lambda 
10
3 \gamma 

11
3 x\alpha \theta 2i q

2
i dxdt.

This together with (C.3) and (C.4) implies that

\BbbE 
\int 
Q

\theta 2i \lambda 
2\gamma 2
\bigl( 
\lambda 2\gamma 2x2 - \alpha q2i +x

\alpha q2i,x
\bigr) 
dxdt\leq C\BbbE 

\int 
Q

\theta 2i \lambda \gamma 

\biggl( 
\lambda 3\gamma 3q2i \chi \omega i

+
z2

\mu 2
i

\chi Gi

\biggr) 
dxdt.

(C.5)

Summing (C.2) and (C.5), by Hardy's inequality and \theta 1 = \theta 2 in ((0,1) \setminus \widetilde G0)\times (0, T ),
we find that for a sufficiently large \lambda > 0,

\BbbE 
\int 
Q

\bigl[ 
\theta 21(\lambda 

2\gamma 3x2 - \alpha z2 + \lambda 4\gamma 4x2 - \alpha q21 + \lambda 2\gamma 2x\alpha q21,x) + \theta 21\gamma z
2

+ \theta 22(\lambda 
4\gamma 4x2 - \alpha q22 + \lambda 2\gamma 2x\alpha q22,x)

\bigr] 
dxdt

\leq C\BbbE 
\int 
Q

\Bigl[ 
\theta 21

\biggl( 
\lambda 2\gamma 3z2\chi G0

+ \lambda \gamma 2Z2 +

\biggl( 
1

\mu 2
1

+
1

\mu 2
2

\biggr) 
\lambda \gamma z2 + \lambda 4\gamma 4q21\chi \omega 1

\biggr) 
+ \theta 22(\lambda \gamma z

2\chi G0
+ \lambda 4\gamma 4q22\chi \omega 2

)
\Bigr] 
dxdt.

This implies that for sufficiently large \mu 1, \mu 2 > 0 (such as \mu 1, \mu 2 >\lambda ),

\BbbE 
\int 
Q

\bigl[ 
\theta 21
\bigl( 
\lambda 2\gamma 3x2 - \alpha z2 + \lambda 4\gamma 4x2 - \alpha q21 + \lambda 2\gamma 2x\alpha q21,x + \gamma z2

\bigr) 
+ \theta 22

\bigl( 
\lambda 4\gamma 4x2 - \alpha q22 + \lambda 2\gamma 2x\alpha q22,x

\bigr) \bigr] 
dxdt

\leq C\BbbE 
\int 
Q

\bigl[ 
\lambda 4\gamma 4

\bigl( 
\theta 21q

2
1\chi \omega 1

+\theta 22q
2
2\chi \omega 2

\bigr) 
+
\bigl( 
\theta 21\lambda 

2\gamma 3+\theta 22\lambda \gamma 
\bigr) 
z2\chi G0

+\theta 21\lambda \gamma 
2Z2

\bigr] 
dxdt.

(C.6)

In order to estimate the terms \BbbE 
\int 
Q
\lambda 4\gamma 4(\theta 21q

2
1\chi \omega 1

+ \theta 22q
2
2\chi \omega 2

)dxdt, for i = 1,2, we
choose a function \xi i \in C\infty 

0 (\BbbR ) satisfying that 0 \leq \xi i \leq 1, supp\xi i \subseteq \scrO \prime 
i, and \xi i = 1 in

\omega i. Then, from \scrO \prime 
1 \cap \scrO 2 = \emptyset , \scrO \prime 

1 \cap \widetilde \scrO i = \emptyset , \scrO \prime 
2 \cap \scrO 1 = \emptyset , and \scrO \prime 

2 \cap \widetilde \scrO i = \emptyset , similar to
(B.7), for any \epsilon > 0, we have

\BbbE 
\int 
Q

\theta 2i \lambda 
4\gamma 4q2i \chi \omega idxdt\leq C\BbbE 

\int 
Q

\theta 2i
\bigl( 
\lambda 8\gamma 8z2\chi \scrO \prime 

i
+\epsilon \lambda 4\gamma 4x2 - \alpha q2i +\epsilon \lambda 

2\gamma 2x\alpha q2i,x
\bigr) 
dxdt.

(C.7)
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TWO MULTIOBJECTIVE PROBLEMS 2729

From (C.6)--(C.7) and \scrO \prime 
i \subset G0(i= 1,2), it holds that

\BbbE 
\int 
Q

\bigl[ 
\theta 21(\lambda 

2\gamma 3x2 - \alpha z2 + \lambda 4\gamma 4x2 - \alpha q21 + \lambda 2\gamma 2x\alpha q21,x + \gamma z2)

+\theta 22(\lambda 
4\gamma 4x2 - \alpha q22 + \lambda 2\gamma 2x\alpha q22,x)

\bigr] 
dxdt

\leq C\BbbE 
\int 
Q

\bigl[ 
\theta 21(\lambda 

8\gamma 8z2\chi G0
+ \lambda \gamma 2Z2) + \theta 22\lambda 

8\gamma 8z2\chi G0

\bigr] 
dxdt.

(C.8)

If (3.11) and (3.13) hold, then, by applying Lemma 3.3 to the second equation of
(3.4) with weight function \theta 1, one can obtain that

\BbbE 
\int 
Q

\theta 21\lambda 
2\gamma 2
\bigl( 
\lambda 2\gamma 2x2 - \alpha q21+x

\alpha q21,x
\bigr) 
dxdt\leq C\BbbE 

\int 
Q

\theta 21\lambda \gamma 

\biggl( 
\lambda 3\gamma 3q21\chi \omega 1

+
z2

\mu 2
1

\chi G1

\biggr) 
dxdt.

(C.9)

Similar to (C.7), choosing a function \xi 3 \in C\infty 
0 (\BbbR ) such that 0\leq \xi 3 \leq 1, supp\xi 3 \subseteq \scrO \prime 

3,

and \xi 3 = 1 in \omega 1, noting that \scrO \prime 
3 \subset ((\scrO 1 \cap G0) \setminus \scrO 2) and \scrO \prime 

3 \cap \widetilde \scrO i = \emptyset , we have

\BbbE 
\int 
Q

\theta 21\lambda 
4\gamma 4q21\chi \omega 1

dxdt\leq C\BbbE 
\int 
Q

\theta 21
\bigl( 
\lambda 8\gamma 8z2\chi G0

+\epsilon \lambda 4\gamma 4x2 - \alpha q21+\epsilon \lambda 
2\gamma 2x\alpha q21,x

\bigr) 
dxdt.

(C.10)

From (C.9) and (C.10), one can get that

\BbbE 
\int 
Q

\theta 21\lambda 
2\gamma 2
\bigl( 
\lambda 2\gamma 2x2 - \alpha q21 + x\alpha q21,x

\bigr) 
dxdt\leq C\BbbE 

\int 
Q

\theta 21

\biggl( 
\lambda 8\gamma 8\chi G0

+
\lambda \gamma 

\mu 2
1

\chi G1

\biggr) 
z2dxdt.

This together with (C.2) indicates that for a sufficiently large \mu 1 > 0,

\BbbE 
\int 
Q

\theta 21(\lambda 
2\gamma 3x2 - \alpha z2 + \gamma z2 + \lambda 4\gamma 4x2 - \alpha q21 + \lambda 2\gamma 2x\alpha q21,x

\bigr) 
dxdt

\leq C\BbbE 
\int 
Q

\theta 21
\bigl[ 
\lambda 8\gamma 8z2\chi G0 + \lambda \gamma 2Z2 + (q22 + \lambda \gamma 2x3\alpha q22,x)\chi (0,1)\setminus \widetilde G0

\bigr] 
dxdt.

(C.11)

To estimate the last term of (C.11), we borrow some ideas from the proof of Propo-
sition 3.5. Let \eta = \alpha 1q1 + \alpha 2q2. Then, one can obtain an estimate similar to (B.5),

\BbbE 
\int 
Q

\theta 22\lambda 
2\gamma 2
\bigl( 
\lambda 2\gamma 2x2 - \alpha \eta 2 + x\alpha \eta 2x

\bigr) 
dxdt

\leq C\BbbE 
\int 
Q

\theta 22\lambda \gamma 
\Bigl[ 
\lambda 3\gamma 3\eta 2\chi \omega 2 +

\Bigl( \alpha 1

\mu 1
\chi G1 +

\alpha 2

\mu 2
\chi G2

\Bigr) 2
z2
\Bigr] 
dxdt.

Similar to (C.7) and (C.10), choosing a function \xi 4 \in C\infty 
0 (\BbbR ) such that 0 \leq \xi 4 \leq 1,

supp\xi 4 \subseteq \scrO \prime 
4, and \xi 4 = 1 in \omega 2, noting that \scrO \prime 

4 \subset (\scrO 1 \cap \scrO 2 \cap G0) and \scrO \prime 
4 \cap \widetilde \scrO i = \emptyset , we

have

\BbbE 
\int 
Q

\theta 22\lambda 
4\gamma 4\eta 2\chi \omega 2

dxdt\leq C\BbbE 
\int 
Q

\theta 22
\bigl( 
\lambda 8\gamma 8z2\chi G0

+ \epsilon \lambda 4\gamma 4x2 - \alpha \eta 2 + \epsilon \lambda 2\gamma 2x\alpha \eta 2x
\bigr) 
dxdt.

Then,

\BbbE 
\int 
Q

\theta 22\lambda 
2\gamma 2
\bigl( 
\lambda 2\gamma 2x2 - \alpha \eta 2+x\alpha \eta 2x

\bigr) 
dxdt\leq C\BbbE 

\int 
Q

\theta 22

\Biggl[ 
\lambda 8\gamma 8z2\chi G0

+\lambda \gamma 

\biggl( 
\alpha 1

\mu 1
+
\alpha 2

\mu 2

\biggr) 2

z2

\Biggr] 
dxdt.
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2730 YONGYI YU AND JI-FENG ZHANG

Combining the above inequality with (C.11), from \theta 1 = \theta 2 in ((0,1) \setminus \widetilde G0)\times (0, T ) and
| b| 2 \leq 2(| a| 2 + | a+ b| 2), it follows that for sufficiently large \mu 1, \mu 2 > 0,

\BbbE 
\int 
Q

\bigl[ 
\theta 21\lambda 

2\gamma 3x2 - \alpha z2 + \theta 21\gamma z
2 + \lambda 4\gamma 4x2 - \alpha (\theta 21q

2
1 + \theta 22\eta 

2 + \theta 21q
2
2\chi (0,1)\setminus \widetilde G0

)

+\lambda 2\gamma 2x\alpha (\theta 21q
2
1,x + \theta 22\eta 

2
x + \theta 21q

2
2,x\chi (0,1)\setminus \widetilde G0

)
\bigr] 
dxdt

\leq C\BbbE 
\int 
Q

\bigl[ 
\theta 21\lambda 

2\gamma 3x2 - \alpha z2+\theta 21\gamma z
2+\lambda 4\gamma 4x2 - \alpha (\theta 21q

2
1+\theta 

2
2\eta 

2)+\lambda 2\gamma 2x\alpha (\theta 21q
2
1,x+\theta 

2
2\eta 

2
x)
\bigr] 
dxdt

\leq C\BbbE 
\int 
Q

\bigl[ 
(\theta 21 + \theta 22)\lambda 

8\gamma 8z2\chi G0 + \theta 21\lambda \gamma 
2Z2 + \theta 21(q

2
2 + \lambda \gamma 2x3\alpha q22,x)\chi (0,1)\setminus \widetilde G0

\bigr] 
dxdt.

This implies that

\BbbE 
\int 
Q

\^\theta 2
\bigl[ 
\lambda 2\gamma 3x2 - \alpha z2 + \gamma z2 + \lambda 4\gamma 4x2 - \alpha (q21 + q22) + \lambda 2\gamma 2x\alpha (q21,x + q22,x)

\bigr] 
dxdt

\leq C\BbbE 
\int 
Q

\^\theta 2
\bigl[ 
\lambda 2\gamma 3x2 - \alpha z2 + \gamma z2 + \lambda 4\gamma 4x2 - \alpha (q21 + \eta 2) + \lambda 2\gamma 2x\alpha (q21,x + \eta 2x)

\bigr] 
dxdt

\leq C\BbbE 
\int 
Q

\bigl[ 
(\theta 21 + \theta 22)\lambda 

8\gamma 8z2\chi G0
+ \theta 21\lambda \gamma 

2Z2
\bigr] 
dxdt.

This and (C.8) give the desired result.

Appendix D. Proof of Theorem 4.1. First, a weighted identity for the sto-
chastic degenerate parabolic operator dy  - (x\alpha yx)xdt is given. Define an unbounded
operator \scrA :\scrD (\scrA )\subseteq L2(0,1)\rightarrow L2(0,1) as follows:

\scrA y= (x\alpha yx)x, \scrD (\scrA ) = \{ y \in H1
\alpha (0,1)| x\alpha yx \in L2(0,1)\} .

Lemma D. Let y be a \scrD (\scrA )-valued continuous semimartingale, and set v = \widetilde \theta y.
Then, for a.e. (x, t)\in Q, and \BbbP -a.s. \omega \in \Omega , one has the following weighted identity:

\widetilde \theta \biggl[  - (x\alpha vx)x  - s\lambda \varphi \widetilde \psi tv+ 1

4
\lambda v

\biggr] \Bigl[ 
dy - (x\alpha yx)xdt

\Bigr] 
=
\bigl[ 
(x\alpha vx)x + s\lambda \varphi \widetilde \psi tv\bigr] 2dt+ 1

2
d
\Bigl( 
 - s\lambda \varphi \widetilde \psi tv2 + x\alpha v2x +

1

4
\lambda v2
\Bigr) 

 - (x\alpha vxdv)x  - 
1

2
x\alpha (dvx)

2  - 1

4
(\lambda x\alpha vxv)xdt+

1

2
s\lambda \varphi \widetilde \psi t(dv)2

 - 1

8
\lambda (dv)2 +

1

2

\Bigl[ 
(s\lambda \varphi \widetilde \psi t)t  - 1

2
s\lambda 2\varphi \widetilde \psi t\Bigr] v2dt+ 1

4
\lambda x\alpha v2xdt.

(D.1)

Proof. By It\^o's formula, we have\widetilde \theta \bigl[  - (x\alpha vx)x  - s\lambda \varphi \psi tv
\bigr] \bigl[ 
dy - (x\alpha yx)xdt

\bigr] 
=
\bigl[ 
 - (x\alpha vx)x  - s\lambda \varphi \widetilde \psi tv\bigr] \bigl[ dv - s\lambda \varphi \widetilde \psi tvdt - (x\alpha vx)xdt

\bigr] 
= - (x\alpha vxdv)x +

1

2
x\alpha d(v2x) - 

1

2
x\alpha (dvx)

2  - 1

2
d(s\lambda \varphi \widetilde \psi tv2)

+
1

2
(s\lambda \varphi \widetilde \psi t)tv2dt+ 1

2
s\lambda \varphi \widetilde \psi t(dv)2 + \bigl[ (x\alpha vx)x + s\lambda \varphi \widetilde \psi tv\bigr] 2dt

and

1

4
\lambda \widetilde \theta v [dy - (x\alpha yx)xdt] =

1

4
\lambda v
\bigl[ 
dv - s\lambda \varphi \widetilde \psi tvdt - (x\alpha vx)xdt

\bigr] 
=

1

8
d(\lambda v2) - 1

8
\lambda (dv)2  - 1

4
s\lambda 2\varphi \widetilde \psi tv2dt - 1

4
(\lambda x\alpha vxv)xdt+

1

4
\lambda x\alpha v2xdt.

Combining the above two equalities leads to the desired equality (D.1).
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TWO MULTIOBJECTIVE PROBLEMS 2731

Now, we prove the Carleman estimate (4.2).

Proof of Theorem 4.1. Applying Lemma D to (3.6), integrating the equality (D.1)
on Q, and taking mathematical expectation, we can get

4\BbbE 
\int 
Q

\widetilde \theta \biggl[  - (x\alpha vx)x  - s\lambda \varphi \widetilde \psi tv+ 1

4
\lambda v

\biggr] \bigl[ 
dy - (x\alpha yx)xdt

\bigr] 
dx

= 4\BbbE 
\int 
Q

\bigl[ 
(x\alpha vx)x+s\lambda \varphi \widetilde \psi tv\bigr] 2dxdt+2\BbbE 

\int 
Q

\Bigl[ 
s\lambda \varphi \widetilde \psi t(dv)2 - \lambda (dv)2 - x\alpha (dvx)2\Bigr] dx

+2\BbbE 
\int 
Q

d

\biggl( 
x\alpha v2x - s\lambda \varphi \widetilde \psi tv2+ \lambda v2

4

\biggr) 
dx+\BbbE 

\int 
Q

\bigl[ 
2(s\lambda \varphi \widetilde \psi t)tv2 - s\lambda 2\varphi \widetilde \psi tv2+\lambda x\alpha v2x\bigr] dxdt.

Now, we evaluate the right-hand side of the above equality. For the second term, by
(3.6) and It\^o's formula, it follows that

\BbbE 
\int 
Q

\biggl[ 
s\lambda \varphi \widetilde \psi t(dv)2  - 1

4
\lambda (dv)2  - x\alpha (dvx)

2

\biggr] 
dx

= \BbbE 
\int 
Q

\biggl[ 
s\lambda \varphi \widetilde \theta 2g2 - 1

4
\lambda \widetilde \theta 2g2 - x\alpha (\widetilde \theta gx)2\biggr] dxdt\geq C\BbbE \int 

Q

\widetilde \theta 2\bigl( s\lambda g2 - x\alpha g2x\bigr) dxdt.
(D.2)

For the third term, recalling that \widetilde \psi t = 1, it holds that

\BbbE 
\int 
Q

d

\biggl( 
x\alpha v2x  - s\lambda \varphi \widetilde \psi tv2 + 1

4
\lambda v2
\biggr) 
dx\geq  - C\BbbE 

\int 1

0

\bigl( 
s\lambda v2(T ) + x\alpha v2x(0)

\bigr) 
dx.(D.3)

For the fourth term, we have

\BbbE 
\int 
Q

\Bigl[ 
2(s\lambda \varphi \widetilde \psi t)tv2  - s\lambda 2\varphi \widetilde \psi tv2 + \lambda x\alpha v2x

\Bigr] 
dxdt\geq C\BbbE 

\int 
Q

\widetilde \theta 2\bigl( s\lambda 2y2 + \lambda x\alpha y2x
\bigr) 
dxdt.

This together with (D.2)--(D.3) gives the desired inequality.

Appendix E. Proof of Theorem 4.3. Based on (4.3), we prove Theorem 4.3
by a duality method. To achieve this goal, introduce the following forward stochastic
degenerate parabolic equation:\left\{                   

dy - 
\bigl( 
x\alpha yx

\bigr) 
x
dt=

\bigl[ \widetilde \theta 2s\lambda 2h - (\widetilde \theta 2\lambda x\alpha hx)x + \chi G3u3
\bigr] 
dt

+(v3 + \widetilde \theta 2s\lambda H)dW (t) in Q,\biggl\{ 
y(0, t) = 0 if 0\leq \alpha < 1,\bigl( 
x\alpha yx

\bigr) 
(0, t) = 0 if 1\leq \alpha < 2

on (0, T ),

y(1, t) = 0 on (0, T ),

y(x,0) = 0 in (0,1),

(E.1)

where (h,H) is any given solution to (3.8), (u3, v3) is the control variable, y is the
state variable, and G3 is an arbitrary subdomain of (0,1). Then, we have the following
controllability and inequality for (E.1).

Proposition E. There exist a pair of control (\widehat u3,\widehat v3) \in U3 \triangleq L2
\BbbF (0, T ;L

2(G3))\times 
L2
\BbbF (0, T ;L

2(0,1)) such that (E.1) admits a solution \widehat y \in \scrH satisfying \widehat y(x,T ) = 0 in
(0,1), \BbbP -a.s. Moreover,

\BbbE 
\int 
Q

\widetilde \theta  - 2
\bigl( \widehat y2 + s - 1\lambda  - 1x - \alpha \widehat y2x + \chi G3

\lambda  - 1\widehat u23 + \widehat v23\bigr) dxdt
\leq C\BbbE 

\int 
Q

\widetilde \theta 2\bigl( s\lambda 2h2 + \lambda x\alpha h2x + s\lambda H2
\bigr) 
dxdt.

(E.2)
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2732 YONGYI YU AND JI-FENG ZHANG

Proof. For any \varepsilon > 0, construct the following optimal control problem (P\varepsilon ):

min
(u3(\cdot ),v3(\cdot ))\in \scrU 

\biggl\{ 
1

2
\BbbE 
\int 
Q

\widetilde \theta  - 2
\bigl( 
y2 + \lambda  - 1\chi G3

u23 + v23
\bigr) 
dxdt+

1

2\varepsilon 
\BbbE 
\int 1

0

y2(T )dx

\biggr\} 
,

subject to (E.1), where \scrU =
\bigl\{ \bigl( 
u3, v3

\bigr) 
\in U3

\bigm| \bigm| \BbbE \int 
Q
\widetilde \theta  - 2(\chi G3

u23 + v23)dxdt <\infty 
\bigr\} 
. Then,

one can check that for any \varepsilon > 0, the above optimal control problem (P\varepsilon ) admits a
unique optimal solution (u3,\varepsilon , v3,\varepsilon , y\varepsilon )\in \scrU \times L2

\BbbF (0, T ;H
1
\alpha (0,1)). Also, u3,\varepsilon = \widetilde \theta 2\lambda z\varepsilon \chi G3

and v3,\varepsilon = \widetilde \theta 2Z\varepsilon in Q, \BbbP -a.s., where (z\varepsilon ,Z\varepsilon ) satisfies the following equation:\left\{               

dz\varepsilon +
\bigl( 
x\alpha z\varepsilon ,x

\bigr) 
x
dt= \widetilde \theta  - 2y\varepsilon dt+Z\varepsilon dW (t) in Q,\Biggl\{ 

z\varepsilon (0, t) = 0 if 0\leq \alpha < 1,\bigl( 
x\alpha z\varepsilon ,x

\bigr) 
(0, t) = 0 if 1\leq \alpha < 2

on (0, T ),

z\varepsilon (1, t) = 0 on (0, T ),

z\varepsilon (x,0) = - 1
\varepsilon y\varepsilon (x,T ) in (0,1).

(E.3)

Next, a uniform estimate for the optimal solutions \{ (u3,\varepsilon , v3,\varepsilon , y\varepsilon )\} \varepsilon >0 will be
established. By (E.1), (E.3), and It\^o's formula, it follows that

\BbbE 
\int 1

0

y\varepsilon (T )z\varepsilon (T )dx=\BbbE 
\int 
Q

d(y\varepsilon z\varepsilon )dx

=\BbbE 
\int 
Q

\Bigl( \widetilde \theta  - 2y2\varepsilon +
\widetilde \theta 2\lambda x\alpha hxz\varepsilon ,x + \widetilde \theta 2s\lambda 2hz\varepsilon + \chi G3

\widetilde \theta 2\lambda z2\varepsilon + \widetilde \theta 2Z2
\varepsilon +

\widetilde \theta 2s\lambda HZ\varepsilon \Bigr) dxdt.
This together with (4.3) indicates that for a sufficiently small \epsilon > 0,

\BbbE 
\int 
Q

\bigl( \widetilde \theta  - 2y2\varepsilon + \chi G3
\widetilde \theta 2\lambda z2\varepsilon + \widetilde \theta 2Z2

\varepsilon 

\bigr) 
dxdt+

1

\varepsilon 
\BbbE 
\int 1

0

y2\varepsilon (T )dx

\leq \epsilon \BbbE 
\int 
Q

\widetilde \theta 2s\lambda 2z2\varepsilon dxdt+C(\epsilon )\BbbE 
\int 
Q

\widetilde \theta 2s\lambda 2h2dxdt+ \epsilon \BbbE 
\int 
Q

\widetilde \theta 2\lambda x\alpha z2\varepsilon ,xdxdt
+C(\epsilon )\BbbE 

\int 
Q

\widetilde \theta 2\lambda x\alpha h2xdxdt+ \epsilon \BbbE 
\int 
Q

\widetilde \theta 2s\lambda Z2
\varepsilon dxdt+C(\epsilon )\BbbE 

\int 
Q

\widetilde \theta 2s\lambda H2dxdt

\leq C\epsilon \BbbE 
\int 
Q

\widetilde \theta 2\bigl( \widetilde \theta  - 2y\varepsilon 
\bigr) 2
dxdt+C(\epsilon )\BbbE 

\int 
Q

\widetilde \theta 2\bigl( s\lambda 2h2 + \lambda x\alpha h2x + s\lambda H2
\bigr) 
dxdt,

which implies that

\BbbE 
\int 
Q

\widetilde \theta  - 2
\bigl( 
y2\varepsilon + \chi G3\lambda 

 - 1u23,\varepsilon + v23,\varepsilon 
\bigr) 
dxdt+

1

\varepsilon 
\BbbE 
\int 1

0

y2\varepsilon (T )dx

\leq C\BbbE 
\int 
Q

\widetilde \theta 2\bigl( s\lambda 2h2 + \lambda x\alpha h2x + s\lambda H2
\bigr) 
dxdt.

(E.4)

Moreover, by the first equation of (E.1) and It\^o's formula, we find that for any \epsilon > 0,

\BbbE 
\int 
Q

\widetilde \theta  - 2s - 1\lambda  - 1x\alpha y2\varepsilon ,xdxdt

\leq C

\Biggl[ 
\BbbE 
\int 
Q

\widetilde \theta  - 2y2\varepsilon dxdt+\BbbE 
\int 
Q

s - 1x\alpha | hxy\varepsilon ,x| dxdt+\BbbE 
\int 
Q

\lambda | y\varepsilon h| dxdt

+ \BbbE 
\int 
Q

\widetilde \theta  - 2s - 1\lambda  - 1\chi G3
| y\varepsilon u3,\varepsilon | dxdt+\BbbE 

\int 
Q

\bigl( \widetilde \theta  - 2s - 1\lambda  - 1v23,\varepsilon +
\widetilde \theta 2s\lambda H2

\bigr) 
dxdt

\Biggr] 
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TWO MULTIOBJECTIVE PROBLEMS 2733

\leq \epsilon \BbbE 
\int 
Q

\bigl( \widetilde \theta  - 2s - 2\lambda  - 1x\alpha y2\varepsilon ,x +
\widetilde \theta  - 2y2\varepsilon +

\widetilde \theta  - 2s - 2\lambda  - 1\chi G3
y2\varepsilon 
\bigr) 
dxdt

+ C(\epsilon )\BbbE 
\int 
Q

\bigl( \widetilde \theta 2\lambda x\alpha h2x + \widetilde \theta 2\lambda 2h2 + \widetilde \theta  - 2\lambda  - 1\chi G3u
2
3,\varepsilon 

\bigr) 
dxdt

+ C\BbbE 
\int 
Q

\bigl( \widetilde \theta  - 2y2\varepsilon +
\widetilde \theta  - 2s - 1\lambda  - 1v23,\varepsilon +

\widetilde \theta 2s\lambda H2
\bigr) 
dxdt.

This together with (E.4) implies

\BbbE 
\int 
Q

\widetilde \theta  - 2
\bigl( 
y2\varepsilon + s - 1\lambda  - 1x\alpha y2\varepsilon ,x+ \chi G3

\lambda  - 1u23,\varepsilon + v23,\varepsilon 
\bigr) 
dxdt+

1

\varepsilon 
\BbbE 
\int 1

0

y2\varepsilon (T )dx

\leq C\BbbE 
\int 
Q

\widetilde \theta 2\bigl( s\lambda 2h2 + \lambda x\alpha h2x + s\lambda H2
\bigr) 
dxdt.

(E.5)

Therefore, there exist a subsequence of \{ (u3,\varepsilon , v3,\varepsilon , y\varepsilon )\} \varepsilon >0 (still denoted by itself)
and (\widehat u3,\widehat v3, \widehat y)\in U3 \times L2

\BbbF (0, T ;L
2(0,1)) such that as \varepsilon \rightarrow 0,

u3,\varepsilon \rightarrow \widehat u3 weakly in L2((0, T )\times \Omega ;L2(G3));

v3,\varepsilon \rightarrow \widehat v3 weakly in L2((0, T )\times \Omega ;L2(0,1));

y\varepsilon \rightarrow \widehat y weakly in L2((0, T )\times \Omega ;L2(0,1)).

It is easy to show that \widehat y is a solution of (E.1) associated to (u3, v3) = (\widehat u3,\widehat v3).
Also, by (E.5), we get that \widehat y(T ) = 0 in (0,1), \BbbP -a.s., and (E.2) holds.

Now, we prove the Carleman estimate (4.4) based on the inequality (E.2).

Proof of Theorem 4.3. For any f1, a
 - 1

2 f2 \in L2
\BbbF (0, T ;L

2(0,1)), let (h,H) be the
corresponding solution to (3.8). Denote by \widehat y the solution of (E.1) associated to
(\widehat u3,\widehat v3), which are the control mentioned in Proposition E. Then, by It\^o's formula,

\BbbE 
\int 
Q

\widetilde \theta 2\bigl( \lambda x\alpha h2x + s\lambda 2h2 + s\lambda H2
\bigr) 
dxdt= - \BbbE 

\int 
Q

\bigl( 
\chi G3

\widehat u3h+ \widehat yf1 + \widehat v3H  - \widehat yxf2\bigr) dxdt.
It follows that for a sufficiently small \epsilon > 0 and a sufficiently large \lambda > 0,

\BbbE 
\int 
Q

\widetilde \theta 2\bigl( \lambda x\alpha h2x + s\lambda 2h2 + s\lambda H2
\bigr) 
dxdt

\leq \epsilon \BbbE 
\int 
Q

\widetilde \theta  - 2
\bigl( 
\chi G3

\lambda  - 1\widehat u23 + \widehat y2 + \widehat v23 + s - 1\lambda  - 1x - \alpha \widehat y2x\bigr) dxdt
+C\BbbE 

\int T

0

\int 
G3

\widetilde \theta 2\lambda h2dxdt+C\BbbE 
\int 
Q

\widetilde \theta 2\bigl( f21 +H2 + s\lambda x\alpha f22
\bigr) 
dxdt.

This together with (E.2) implies the desired Carleman estimate.
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